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Linear Temporal Logic (LTL) ltlsf3.1-2

ϕ ::= true
∣∣ϕ ::= true
∣∣ϕ ::= true
∣∣ a

∣∣ ϕ1 ∧ ϕ2

∣∣ ¬ϕa
∣∣ ϕ1 ∧ ϕ2

∣∣ ¬ϕa
∣∣ ϕ1 ∧ ϕ2

∣∣ ¬ϕ ∣∣ © ϕ
∣∣ © ϕ
∣∣ © ϕ

∣∣ ϕ1 Uϕ2

∣∣ ϕ1 Uϕ2

∣∣ ϕ1 Uϕ2

where a ∈ APa ∈ APa ∈ AP © =̂© =̂© =̂ next U =̂U =̂U =̂ until
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atomic
proposition

a ∈ APa ∈ APa ∈ AP
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. . .. . .. . .
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©a©a©a
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. . .. . .. . .
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Linear Temporal Logic (LTL) ltlsf3.1-2

ϕ ::= true
∣∣ϕ ::= true
∣∣ϕ ::= true
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where a ∈ APa ∈ APa ∈ AP © =̂© =̂© =̂ next U =̂U =̂U =̂ until

atomic
proposition

a ∈ APa ∈ APa ∈ AP
aaa

. . .. . .. . .

next operator
©a©a©a

aaa
. . .. . .. . .

until operator
a U ba U ba U b

aaa aaa aaa bbb
. . .. . .. . .
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Derived operators in LTL ltlsf3.1-2a

ϕ ::= true
∣∣ a

∣∣ ϕ1 ∧ ϕ2

∣∣ ¬ϕ ∣∣ © ϕ
∣∣ϕ1 Uϕ2ϕ ::= true

∣∣ a
∣∣ ϕ1 ∧ ϕ2

∣∣ ¬ϕ ∣∣ © ϕ
∣∣ϕ1 Uϕ2ϕ ::= true

∣∣ a
∣∣ ϕ1 ∧ ϕ2

∣∣ ¬ϕ ∣∣ © ϕ
∣∣ϕ1 Uϕ2

derived operators:

∨,→, . . .∨,→, . . .∨,→, . . . as usual
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Derived operators in LTL ltlsf3.1-2a

ϕ ::= true
∣∣ a

∣∣ ϕ1 ∧ ϕ2

∣∣ ¬ϕ ∣∣ © ϕ
∣∣ϕ1 Uϕ2ϕ ::= true

∣∣ a
∣∣ ϕ1 ∧ ϕ2

∣∣ ¬ϕ ∣∣ © ϕ
∣∣ϕ1 Uϕ2ϕ ::= true

∣∣ a
∣∣ ϕ1 ∧ ϕ2

∣∣ ¬ϕ ∣∣ © ϕ
∣∣ϕ1 Uϕ2

derived operators:

∨,→, . . .∨,→, . . .∨,→, . . . as usual

♦ϕ♦ϕ♦ϕ def
=
def
=
def
= true Uϕtrue Uϕtrue Uϕ eventually
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Derived operators in LTL ltlsf3.1-2a

ϕ ::= true
∣∣ a

∣∣ ϕ1 ∧ ϕ2

∣∣ ¬ϕ ∣∣ © ϕ
∣∣ϕ1 Uϕ2ϕ ::= true

∣∣ a
∣∣ ϕ1 ∧ ϕ2

∣∣ ¬ϕ ∣∣ © ϕ
∣∣ϕ1 Uϕ2ϕ ::= true

∣∣ a
∣∣ ϕ1 ∧ ϕ2

∣∣ ¬ϕ ∣∣ © ϕ
∣∣ϕ1 Uϕ2

derived operators:

∨,→, . . .∨,→, . . .∨,→, . . . as usual

♦ϕ♦ϕ♦ϕ def
=
def
=
def
= true Uϕtrue Uϕtrue Uϕ eventually

until operator
a U ba U ba U b

aaa aaa aaa bbb
. . .. . .. . .

eventually
♦b♦b♦b

bbb
. . .. . .. . .
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Derived operators in LTL ltlsf3.1-2a

ϕ ::= true
∣∣ a

∣∣ ϕ1 ∧ ϕ2

∣∣ ¬ϕ ∣∣ © ϕ
∣∣ϕ1 Uϕ2ϕ ::= true

∣∣ a
∣∣ ϕ1 ∧ ϕ2

∣∣ ¬ϕ ∣∣ © ϕ
∣∣ϕ1 Uϕ2ϕ ::= true

∣∣ a
∣∣ ϕ1 ∧ ϕ2

∣∣ ¬ϕ ∣∣ © ϕ
∣∣ϕ1 Uϕ2

derived operators:

∨,→, . . .∨,→, . . .∨,→, . . . as usual

♦ϕ♦ϕ♦ϕ def
=
def
=
def
= true Uϕtrue Uϕtrue Uϕ eventually

�ϕ�ϕ�ϕ def
=
def
=
def
= ¬♦¬ϕ¬♦¬ϕ¬♦¬ϕ always

until operator
a U ba U ba U b

aaa aaa aaa bbb
. . .. . .. . .

eventually
♦b♦b♦b

bbb
. . .. . .. . .

always
�a�a�a

aaa aaa aaa aaa aaa aaa
. . .. . .. . .
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Next ©©©, until UUU and eventually ♦♦♦ ltlsf3.1-3

��� (try to send→→→©©© delivered)

... ...
try del
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Next ©©©, until UUU and eventually ♦♦♦ ltlsf3.1-3

��� (try to send→→→©©© delivered)

... ...
try del

��� (try to send→→→ try to send UUU delivered)

... ...
try deltry try
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Next ©©©, until UUU and eventually ♦♦♦ ltlsf3.1-3

��� (try to send→→→©©© delivered)

... ...
try del

��� (try to send→→→ try to send UUU delivered)

... ...
try deltry try

��� (try to send→→→ ♦♦♦ delivered)

... ...
try del
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Examples for LTL formulas ltlsf3.1-4a

ϕ ::= true
∣∣ a

∣∣ ϕ1 ∧ ϕ2

∣∣ ¬ϕ ∣∣ © ϕ
∣∣ ϕ1 Uϕ2ϕ ::= true

∣∣ a
∣∣ ϕ1 ∧ ϕ2

∣∣ ¬ϕ ∣∣ © ϕ
∣∣ ϕ1 Uϕ2ϕ ::= true

∣∣ a
∣∣ ϕ1 ∧ ϕ2

∣∣ ¬ϕ ∣∣ © ϕ
∣∣ ϕ1 Uϕ2

eventually

♦ϕ♦ϕ♦ϕ def
=
def
=
def
= true Uϕtrue Uϕtrue Uϕ

always

�ϕ�ϕ�ϕ def
=
def
=
def
= ¬♦¬ϕ¬♦¬ϕ¬♦¬ϕ
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Examples for LTL formulas ltlsf3.1-4a

ϕ ::= true
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∣∣ ϕ1 ∧ ϕ2

∣∣ ¬ϕ ∣∣ © ϕ
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∣∣ ϕ1 ∧ ϕ2

∣∣ ¬ϕ ∣∣ © ϕ
∣∣ ϕ1 Uϕ2

eventually

♦ϕ♦ϕ♦ϕ def
=
def
=
def
= true Uϕtrue Uϕtrue Uϕ

always

�ϕ�ϕ�ϕ def
=
def
=
def
= ¬♦¬ϕ¬♦¬ϕ¬♦¬ϕ

Examples for LTL formulas:

mutual exclusion: �
(
¬crit1 ∨ ¬crit2

)
�

(
¬crit1 ∨ ¬crit2

)
�

(
¬crit1 ∨ ¬crit2

)
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Examples for LTL formulas ltlsf3.1-4a
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Examples for LTL formulas ltlsf3.1-4a

ϕ ::= true
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)
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)
�

(
¬crit1 ∨ ¬crit2

)

railroad-crossing: �
(
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)
�

(
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)
�

(
train is near → gate is closed

)

progress property: �
(
request → ♦response

)
�

(
request → ♦response

)
�

(
request → ♦response

)

traffic light: �
(
yellow ∨©¬red

)
�

(
yellow ∨©¬red

)
�

(
yellow ∨©¬red

)
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Infinitely often and eventually forever ltlsf3.1-4

ϕ ::= true
∣∣ a

∣∣ ϕ1 ∧ ϕ2

∣∣ ¬ϕ ∣∣ © ϕ
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∣∣ ϕ1 Uϕ2

eventually ♦ϕ♦ϕ♦ϕ def
=
def
=
def
= true Uϕtrue Uϕtrue Uϕ

always �ϕ�ϕ�ϕ def
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def
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= ¬♦¬ϕ¬♦¬ϕ¬♦¬ϕ
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Infinitely often and eventually forever ltlsf3.1-4
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Infinitely often and eventually forever ltlsf3.1-4
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Infinitely often and eventually forever ltlsf3.1-4

ϕ ::= true
∣∣ a
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=
def
=
def
= true Uϕtrue Uϕtrue Uϕ

always �ϕ�ϕ�ϕ def
=
def
=
def
= ¬♦¬ϕ¬♦¬ϕ¬♦¬ϕ

infinitely often �♦ϕ�♦ϕ�♦ϕ
eventually forever ♦�ϕ♦�ϕ♦�ϕ

e.g., unconditional fairness �♦criti�♦criti�♦criti

strong fairness �♦waiti → �♦criti�♦waiti → �♦criti�♦waiti → �♦criti

weak fairness ♦�waiti → �♦criti♦�waiti → �♦criti♦�waiti → �♦criti
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LTL-semantics ltlsf3.1-6a

interpretation of LTL formulas over traces, i.e.,
infinite words over 2AP2AP2AP

formalized by a satisfaction relation |=|=|= for

• LTL formulas and

• infinite words σ = A0 A1 A2 . . . ∈
(
2AP

)ω
σ = A0 A1 A2 . . . ∈

(
2AP

)ω
σ = A0 A1 A2 . . . ∈

(
2AP

)ω
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Semantics of LTL over infinite words ltlsf3.1-6

for σ = A0 A1 A2 . . . ∈
(
2AP

)ω
σ = A0 A1 A2 . . . ∈

(
2AP

)ω
σ = A0 A1 A2 . . . ∈

(
2AP

)ω
:
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Semantics of LTL over infinite words ltlsf3.1-6

for σ = A0 A1 A2 . . . ∈
(
2AP

)ω
σ = A0 A1 A2 . . . ∈

(
2AP

)ω
σ = A0 A1 A2 . . . ∈

(
2AP

)ω
:

σ |= trueσ |= trueσ |= true
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Semantics of LTL over infinite words ltlsf3.1-6

for σ = A0 A1 A2 . . . ∈
(
2AP

)ω
σ = A0 A1 A2 . . . ∈

(
2AP

)ω
σ = A0 A1 A2 . . . ∈

(
2AP

)ω
:

σ |= trueσ |= trueσ |= true

σ |= aσ |= aσ |= a iff A0 |= aA0 |= aA0 |= a ,i.e., a ∈ A0a ∈ A0a ∈ A0
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Semantics of LTL over infinite words ltlsf3.1-6

for σ = A0 A1 A2 . . . ∈
(
2AP

)ω
σ = A0 A1 A2 . . . ∈

(
2AP

)ω
σ = A0 A1 A2 . . . ∈

(
2AP

)ω
:

σ |= trueσ |= trueσ |= true

σ |= aσ |= aσ |= a iff A0 |= aA0 |= aA0 |= a ,i.e., a ∈ A0a ∈ A0a ∈ A0

σ |= ϕ1 ∧ ϕ2σ |= ϕ1 ∧ ϕ2σ |= ϕ1 ∧ ϕ2 iff σ |= ϕ1σ |= ϕ1σ |= ϕ1 and σ |= ϕ2σ |= ϕ2σ |= ϕ2
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Semantics of LTL over infinite words ltlsf3.1-6

for σ = A0 A1 A2 . . . ∈
(
2AP

)ω
σ = A0 A1 A2 . . . ∈

(
2AP

)ω
σ = A0 A1 A2 . . . ∈

(
2AP

)ω
:

σ |= trueσ |= trueσ |= true

σ |= aσ |= aσ |= a iff A0 |= aA0 |= aA0 |= a ,i.e., a ∈ A0a ∈ A0a ∈ A0

σ |= ϕ1 ∧ ϕ2σ |= ϕ1 ∧ ϕ2σ |= ϕ1 ∧ ϕ2 iff σ |= ϕ1σ |= ϕ1σ |= ϕ1 and σ |= ϕ2σ |= ϕ2σ |= ϕ2

σ |= ¬ϕσ |= ¬ϕσ |= ¬ϕ iff σ �|= ϕσ �|= ϕσ �|= ϕ
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Semantics of LTL over infinite words ltlsf3.1-6

for σ = A0 A1 A2 . . . ∈
(
2AP

)ω
σ = A0 A1 A2 . . . ∈

(
2AP

)ω
σ = A0 A1 A2 . . . ∈

(
2AP

)ω
:

σ |= trueσ |= trueσ |= true

σ |= aσ |= aσ |= a iff A0 |= aA0 |= aA0 |= a ,i.e., a ∈ A0a ∈ A0a ∈ A0

σ |= ϕ1 ∧ ϕ2σ |= ϕ1 ∧ ϕ2σ |= ϕ1 ∧ ϕ2 iff σ |= ϕ1σ |= ϕ1σ |= ϕ1 and σ |= ϕ2σ |= ϕ2σ |= ϕ2

σ |= ¬ϕσ |= ¬ϕσ |= ¬ϕ iff σ �|= ϕσ �|= ϕσ �|= ϕ

σ |=©ϕσ |=©ϕσ |=©ϕ iff suffix(σ, 1) = A1 A2 A3 . . . |= ϕsuffix(σ, 1) = A1 A2 A3 . . . |= ϕsuffix(σ, 1) = A1 A2 A3 . . . |= ϕ
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Semantics of LTL over infinite words ltlsf3.1-6

for σ = A0 A1 A2 . . . ∈
(
2AP

)ω
σ = A0 A1 A2 . . . ∈

(
2AP

)ω
σ = A0 A1 A2 . . . ∈

(
2AP

)ω
:

σ |= trueσ |= trueσ |= true

σ |= aσ |= aσ |= a iff A0 |= aA0 |= aA0 |= a ,i.e., a ∈ A0a ∈ A0a ∈ A0

σ |= ϕ1 ∧ ϕ2σ |= ϕ1 ∧ ϕ2σ |= ϕ1 ∧ ϕ2 iff σ |= ϕ1σ |= ϕ1σ |= ϕ1 and σ |= ϕ2σ |= ϕ2σ |= ϕ2

σ |= ¬ϕσ |= ¬ϕσ |= ¬ϕ iff σ �|= ϕσ �|= ϕσ �|= ϕ

σ |=©ϕσ |=©ϕσ |=©ϕ iff suffix(σ, 1) = A1 A2 A3 . . . |= ϕsuffix(σ, 1) = A1 A2 A3 . . . |= ϕsuffix(σ, 1) = A1 A2 A3 . . . |= ϕ

σ |= ϕ1 Uϕ2σ |= ϕ1 Uϕ2σ |= ϕ1 Uϕ2 iff there exists j ≥ 0j ≥ 0j ≥ 0 such that

suffix(σ, j) = Aj Aj+1 Aj+2 . . . |= ϕ2suffix(σ, j) = Aj Aj+1 Aj+2 . . . |= ϕ2suffix(σ, j) = Aj Aj+1 Aj+2 . . . |= ϕ2 and

suffix(σ, i) = Ai Ai+1 Ai+2 . . . |= ϕ1suffix(σ, i) = Ai Ai+1 Ai+2 . . . |= ϕ1suffix(σ, i) = Ai Ai+1 Ai+2 . . . |= ϕ1 for 0 ≤ i < j0 ≤ i < j0 ≤ i < j
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LT property of LTL formulas ltlsf3.1-6b
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LT property of LTL formulas ltlsf3.1-6b

interpretation of LTL formulas over traces, i.e.,
infinite words over 2AP2AP2AP

formalized by a satisfaction relation |=|=|= for

• LTL formulas and

• infinite words σ = A0 A1 A2 . . . ∈
(
2AP

)ω
σ = A0 A1 A2 . . . ∈

(
2AP

)ω
σ = A0 A1 A2 . . . ∈

(
2AP

)ω
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LT property of LTL formulas ltlsf3.1-6b

interpretation of LTL formulas over traces, i.e.,
infinite words over 2AP2AP2AP

formalized by a satisfaction relation |=|=|= for

• LTL formulas and

• infinite words σ = A0 A1 A2 . . . ∈
(
2AP

)ω
σ = A0 A1 A2 . . . ∈

(
2AP

)ω
σ = A0 A1 A2 . . . ∈

(
2AP

)ω

LT property of formula ϕϕϕ:

Words(ϕ)
def
=

{
σ ∈

(
2AP

)ω
: σ |= ϕ

}
Words(ϕ)

def
=

{
σ ∈

(
2AP

)ω
: σ |= ϕ

}
Words(ϕ)

def
=

{
σ ∈

(
2AP

)ω
: σ |= ϕ

}
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LTL-semantics of derived operators ♦♦♦ and ��� ltlsf3.1-sem-ev-al

for σ = A0 A1 A2 . . . ∈
(
2AP

)ω
σ = A0 A1 A2 . . . ∈

(
2AP

)ω
σ = A0 A1 A2 . . . ∈

(
2AP

)ω
:

...

...

...
σ |= ϕ1 Uϕ2σ |= ϕ1 Uϕ2σ |= ϕ1 Uϕ2 iff there exists j ≥ 0j ≥ 0j ≥ 0 such that

Aj Aj+1 Aj+2 . . . |= ϕ2Aj Aj+1 Aj+2 . . . |= ϕ2Aj Aj+1 Aj+2 . . . |= ϕ2 and

Ai Ai+1 Ai+2 . . . |= ϕ1Ai Ai+1 Ai+2 . . . |= ϕ1Ai Ai+1 Ai+2 . . . |= ϕ1 for 0 ≤ i < j0 ≤ i < j0 ≤ i < j
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LTL-semantics of derived operators ♦♦♦ and ��� ltlsf3.1-sem-ev-al

for σ = A0 A1 A2 . . . ∈
(
2AP

)ω
σ = A0 A1 A2 . . . ∈

(
2AP

)ω
σ = A0 A1 A2 . . . ∈

(
2AP

)ω
:

...

...

...
σ |= ϕ1 Uϕ2σ |= ϕ1 Uϕ2σ |= ϕ1 Uϕ2 iff there exists j ≥ 0j ≥ 0j ≥ 0 such that

Aj Aj+1 Aj+2 . . . |= ϕ2Aj Aj+1 Aj+2 . . . |= ϕ2Aj Aj+1 Aj+2 . . . |= ϕ2 and

Ai Ai+1 Ai+2 . . . |= ϕ1Ai Ai+1 Ai+2 . . . |= ϕ1Ai Ai+1 Ai+2 . . . |= ϕ1 for 0 ≤ i < j0 ≤ i < j0 ≤ i < j

σ |= ♦ϕσ |= ♦ϕσ |= ♦ϕ iff there exists j ≥ 0j ≥ 0j ≥ 0 such that

Aj Aj+1 Aj+2 . . . |= ϕAj Aj+1 Aj+2 . . . |= ϕAj Aj+1 Aj+2 . . . |= ϕ

45 / 416



LTL-semantics of derived operators ♦♦♦ and ��� ltlsf3.1-sem-ev-al

for σ = A0 A1 A2 . . . ∈
(
2AP

)ω
σ = A0 A1 A2 . . . ∈

(
2AP

)ω
σ = A0 A1 A2 . . . ∈

(
2AP

)ω
:

...

...

...
σ |= ϕ1 Uϕ2σ |= ϕ1 Uϕ2σ |= ϕ1 Uϕ2 iff there exists j ≥ 0j ≥ 0j ≥ 0 such that

Aj Aj+1 Aj+2 . . . |= ϕ2Aj Aj+1 Aj+2 . . . |= ϕ2Aj Aj+1 Aj+2 . . . |= ϕ2 and

Ai Ai+1 Ai+2 . . . |= ϕ1Ai Ai+1 Ai+2 . . . |= ϕ1Ai Ai+1 Ai+2 . . . |= ϕ1 for 0 ≤ i < j0 ≤ i < j0 ≤ i < j

σ |= ♦ϕσ |= ♦ϕσ |= ♦ϕ iff there exists j ≥ 0j ≥ 0j ≥ 0 such that

Aj Aj+1 Aj+2 . . . |= ϕAj Aj+1 Aj+2 . . . |= ϕAj Aj+1 Aj+2 . . . |= ϕ

σ |= �ϕσ |= �ϕσ |= �ϕ iff for all j ≥ 0j ≥ 0j ≥ 0 we have:

Aj Aj+1 Aj+2 . . . |= ϕAj Aj+1 Aj+2 . . . |= ϕAj Aj+1 Aj+2 . . . |= ϕ
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LTL semantics over TS ltlsf3.1-LTL-words-paths

given a TS T = (S ,Act,→, S0,AP, L)T = (S ,Act,→, S0,AP, L)T = (S ,Act,→, S0,AP, L)

define satisfaction relation |=|=|= for

• LTL formulas over APAPAP

• the maximal path fragments and states of TTT

assumption: TTT has no terminal states, i.e.,
all maximal path fragments in TTT are infinite
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LTL semantics over paths of TS ltlsf3.1-LTL-words-paths
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LTL semantics over paths of TS ltlsf3.1-LTL-words-paths

given: TS T = (S ,Act,→, S0,AP, L)T = (S ,Act,→, S0,AP , L)T = (S ,Act,→, S0,AP, L)
without terminal states

LTL formula ϕϕϕ over APAPAP
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LTL semantics over paths of TS ltlsf3.1-LTL-words-paths

given: TS T = (S ,Act,→, S0,AP, L)T = (S ,Act,→, S0,AP , L)T = (S ,Act,→, S0,AP, L)
without terminal states

LTL formula ϕϕϕ over APAPAP

interpretation of ϕϕϕ over infinite path fragments

π = s0 s1 s2 . . . |= ϕπ = s0 s1 s2 . . . |= ϕπ = s0 s1 s2 . . . |= ϕ iff trace(π) |= ϕtrace(π) |= ϕtrace(π) |= ϕ
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LTL semantics over paths of TS ltlsf3.1-LTL-words-paths

given: TS T = (S ,Act,→, S0,AP, L)T = (S ,Act,→, S0,AP , L)T = (S ,Act,→, S0,AP, L)
without terminal states

LTL formula ϕϕϕ over APAPAP

interpretation of ϕϕϕ over infinite path fragments

π = s0 s1 s2 . . . |= ϕπ = s0 s1 s2 . . . |= ϕπ = s0 s1 s2 . . . |= ϕ iff trace(π) |= ϕtrace(π) |= ϕtrace(π) |= ϕ

iff trace(π) ∈ Words(ϕ)trace(π) ∈ Words(ϕ)trace(π) ∈ Words(ϕ)
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LTL semantics over paths of TS ltlsf3.1-LTL-words-paths

given: TS T = (S ,Act,→, S0,AP, L)T = (S ,Act,→, S0,AP , L)T = (S ,Act,→, S0,AP, L)
without terminal states

LTL formula ϕϕϕ over APAPAP

interpretation of ϕϕϕ over infinite path fragments

π = s0 s1 s2 . . . |= ϕπ = s0 s1 s2 . . . |= ϕπ = s0 s1 s2 . . . |= ϕ iff trace(π) |= ϕtrace(π) |= ϕtrace(π) |= ϕ

iff trace(π) ∈ Words(ϕ)trace(π) ∈ Words(ϕ)trace(π) ∈ Words(ϕ)

remind: LT property of an LTL formula:

Words(ϕ) =
{
σ ∈

(
2AP

)ω
: σ |= ϕ

}
Words(ϕ) =

{
σ ∈

(
2AP

)ω
: σ |= ϕ

}
Words(ϕ) =

{
σ ∈

(
2AP

)ω
: σ |= ϕ

}
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Example: LTL-semantics over paths ltlsf3.1-9

s0s0s0 s1s1s1 s2s2s2

{a}{a}{a} ∅∅∅ {a, b}{a, b}{a, b}
AP = {a, b}AP = {a, b}AP = {a, b}
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Example: LTL-semantics over paths ltlsf3.1-9

s0s0s0 s1s1s1 s2s2s2

{a}{a}{a} ∅∅∅ {a, b}{a, b}{a, b}
AP = {a, b}AP = {a, b}AP = {a, b}

path π = s0 s1 s2 s2 s2 s2 . . .π = s0 s1 s2 s2 s2 s2 . . .π = s0 s1 s2 s2 s2 s2 . . .
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Example: LTL-semantics over paths ltlsf3.1-9

s0s0s0 s1s1s1 s2s2s2

{a}{a}{a} ∅∅∅ {a, b}{a, b}{a, b}
AP = {a, b}AP = {a, b}AP = {a, b}

path π = s0 s1 s2 s2 s2 s2 . . .π = s0 s1 s2 s2 s2 s2 . . .π = s0 s1 s2 s2 s2 s2 . . . trace(π) = {a}∅ {a, b}ωtrace(π) = {a}∅ {a, b}ωtrace(π) = {a}∅ {a, b}ω

π |= aπ |= aπ |= a
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Example: LTL-semantics over paths ltlsf3.1-9

s0s0s0 s1s1s1 s2s2s2

{a}{a}{a} ∅∅∅ {a, b}{a, b}{a, b}
AP = {a, b}AP = {a, b}AP = {a, b}

path π = s0 s1 s2 s2 s2 s2 . . .π = s0 s1 s2 s2 s2 s2 . . .π = s0 s1 s2 s2 s2 s2 . . . trace(π) = {a}∅ {a, b}ωtrace(π) = {a}∅ {a, b}ωtrace(π) = {a}∅ {a, b}ω

π |= aπ |= aπ |= a, but π �|= bπ �|= bπ �|= b as L(s0) = {a}L(s0) = {a}L(s0) = {a}
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Example: LTL-semantics over paths ltlsf3.1-9

s0s0s0 s1s1s1 s2s2s2

{a}{a}{a} ∅∅∅ {a, b}{a, b}{a, b}
AP = {a, b}AP = {a, b}AP = {a, b}

path π = s0 s1 s2 s2 s2 s2 . . .π = s0 s1 s2 s2 s2 s2 . . .π = s0 s1 s2 s2 s2 s2 . . . trace(π) = {a}∅ {a, b}ωtrace(π) = {a}∅ {a, b}ωtrace(π) = {a}∅ {a, b}ω

π |= aπ |= aπ |= a, but π �|= bπ �|= bπ �|= b as L(s0) = {a}L(s0) = {a}L(s0) = {a}
π |= © (¬a ∧ ¬b)π |= © (¬a ∧ ¬b)π |= © (¬a ∧ ¬b)
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Example: LTL-semantics over paths ltlsf3.1-9

s0s0s0 s1s1s1 s2s2s2

{a}{a}{a} ∅∅∅ {a, b}{a, b}{a, b}
AP = {a, b}AP = {a, b}AP = {a, b}

path π = s0 s1 s2 s2 s2 s2 . . .π = s0 s1 s2 s2 s2 s2 . . .π = s0 s1 s2 s2 s2 s2 . . . trace(π) = {a}∅ {a, b}ωtrace(π) = {a}∅ {a, b}ωtrace(π) = {a}∅ {a, b}ω

π |= aπ |= aπ |= a, but π �|= bπ �|= bπ �|= b as L(s0) = {a}L(s0) = {a}L(s0) = {a}
π |= © (¬a ∧ ¬b)π |= © (¬a ∧ ¬b)π |= © (¬a ∧ ¬b) as L(s1) = ∅L(s1) = ∅L(s1) = ∅

60 / 416



Example: LTL-semantics over paths ltlsf3.1-9

s0s0s0 s1s1s1 s2s2s2

{a}{a}{a} ∅∅∅ {a, b}{a, b}{a, b}
AP = {a, b}AP = {a, b}AP = {a, b}

path π = s0 s1 s2 s2 s2 s2 . . .π = s0 s1 s2 s2 s2 s2 . . .π = s0 s1 s2 s2 s2 s2 . . . trace(π) = {a}∅ {a, b}ωtrace(π) = {a}∅ {a, b}ωtrace(π) = {a}∅ {a, b}ω

π |= aπ |= aπ |= a, but π �|= bπ �|= bπ �|= b as L(s0) = {a}L(s0) = {a}L(s0) = {a}
π |= © (¬a ∧ ¬b)π |= © (¬a ∧ ¬b)π |= © (¬a ∧ ¬b) as L(s1) = ∅L(s1) = ∅L(s1) = ∅

π |= © © (a ∧ b)π |= © © (a ∧ b)π |= © © (a ∧ b)
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Example: LTL-semantics over paths ltlsf3.1-9

s0s0s0 s1s1s1 s2s2s2

{a}{a}{a} ∅∅∅ {a, b}{a, b}{a, b}
AP = {a, b}AP = {a, b}AP = {a, b}

path π = s0 s1 s2 s2 s2 s2 . . .π = s0 s1 s2 s2 s2 s2 . . .π = s0 s1 s2 s2 s2 s2 . . . trace(π) = {a}∅ {a, b}ωtrace(π) = {a}∅ {a, b}ωtrace(π) = {a}∅ {a, b}ω

π |= aπ |= aπ |= a, but π �|= bπ �|= bπ �|= b as L(s0) = {a}L(s0) = {a}L(s0) = {a}
π |= © (¬a ∧ ¬b)π |= © (¬a ∧ ¬b)π |= © (¬a ∧ ¬b) as L(s1) = ∅L(s1) = ∅L(s1) = ∅

π |= © © (a ∧ b)π |= © © (a ∧ b)π |= © © (a ∧ b) as L(s2) = {a, b}L(s2) = {a, b}L(s2) = {a, b}
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Example: LTL-semantics over paths ltlsf3.1-9

s0s0s0 s1s1s1 s2s2s2

{a}{a}{a} ∅∅∅ {a, b}{a, b}{a, b}
AP = {a, b}AP = {a, b}AP = {a, b}

path π = s0 s1 s2 s2 s2 s2 . . .π = s0 s1 s2 s2 s2 s2 . . .π = s0 s1 s2 s2 s2 s2 . . . trace(π) = {a}∅ {a, b}ωtrace(π) = {a}∅ {a, b}ωtrace(π) = {a}∅ {a, b}ω

π |= aπ |= aπ |= a, but π �|= bπ �|= bπ �|= b as L(s0) = {a}L(s0) = {a}L(s0) = {a}
π |= © (¬a ∧ ¬b)π |= © (¬a ∧ ¬b)π |= © (¬a ∧ ¬b) as L(s1) = ∅L(s1) = ∅L(s1) = ∅

π |= © © (a ∧ b)π |= © © (a ∧ b)π |= © © (a ∧ b) as L(s2) = {a, b}L(s2) = {a, b}L(s2) = {a, b}
π |= (¬b) U (a ∧ b)π |= (¬b) U (a ∧ b)π |= (¬b) U (a ∧ b)

63 / 416



Example: LTL-semantics over paths ltlsf3.1-9

s0s0s0 s1s1s1 s2s2s2

{a}{a}{a} ∅∅∅ {a, b}{a, b}{a, b}
AP = {a, b}AP = {a, b}AP = {a, b}

path π = s0 s1 s2 s2 s2 s2 . . .π = s0 s1 s2 s2 s2 s2 . . .π = s0 s1 s2 s2 s2 s2 . . . trace(π) = {a}∅ {a, b}ωtrace(π) = {a}∅ {a, b}ωtrace(π) = {a}∅ {a, b}ω

π |= aπ |= aπ |= a, but π �|= bπ �|= bπ �|= b as L(s0) = {a}L(s0) = {a}L(s0) = {a}
π |= © (¬a ∧ ¬b)π |= © (¬a ∧ ¬b)π |= © (¬a ∧ ¬b) as L(s1) = ∅L(s1) = ∅L(s1) = ∅

π |= © © (a ∧ b)π |= © © (a ∧ b)π |= © © (a ∧ b) as L(s2) = {a, b}L(s2) = {a, b}L(s2) = {a, b}
π |= (¬b) U (a ∧ b)π |= (¬b) U (a ∧ b)π |= (¬b) U (a ∧ b) as s0, s1 |= ¬bs0, s1 |= ¬bs0, s1 |= ¬b

and s2 |= a ∧ bs2 |= a ∧ bs2 |= a ∧ b
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Example: LTL-semantics over paths ltlsf3.1-9

s0s0s0 s1s1s1 s2s2s2

{a}{a}{a} ∅∅∅ {a, b}{a, b}{a, b}
AP = {a, b}AP = {a, b}AP = {a, b}

path π = s0 s1 s2 s2 s2 s2 . . .π = s0 s1 s2 s2 s2 s2 . . .π = s0 s1 s2 s2 s2 s2 . . . trace(π) = {a}∅ {a, b}ωtrace(π) = {a}∅ {a, b}ωtrace(π) = {a}∅ {a, b}ω

π |= aπ |= aπ |= a, but π �|= bπ �|= bπ �|= b as L(s0) = {a}L(s0) = {a}L(s0) = {a}
π |= © (¬a ∧ ¬b)π |= © (¬a ∧ ¬b)π |= © (¬a ∧ ¬b) as L(s1) = ∅L(s1) = ∅L(s1) = ∅

π |= © © (a ∧ b)π |= © © (a ∧ b)π |= © © (a ∧ b) as L(s2) = {a, b}L(s2) = {a, b}L(s2) = {a, b}
π |= (¬b) U (a ∧ b)π |= (¬b) U (a ∧ b)π |= (¬b) U (a ∧ b) as s0, s1 |= ¬bs0, s1 |= ¬bs0, s1 |= ¬b

π |= (¬b) U �(a ∧ b)π |= (¬b) U �(a ∧ b)π |= (¬b) U �(a ∧ b) and s2 |= a ∧ bs2 |= a ∧ bs2 |= a ∧ b
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Correct or wrong ? ltlsf3.1-7

s0s0s0 s1s1s1 s2s2s2

{a}{a}{a} ∅∅∅ {a, b}{a, b}{a, b}
AP = {a, b}AP = {a, b}AP = {a, b}

path π = s0 s1 s0 s1 s0 s1 . . .π = s0 s1 s0 s1 s0 s1 . . .π = s0 s1 s0 s1 s0 s1 . . .
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Correct or wrong ? ltlsf3.1-7

s0s0s0 s1s1s1 s2s2s2

{a}{a}{a} ∅∅∅ {a, b}{a, b}{a, b}
AP = {a, b}AP = {a, b}AP = {a, b}

path π = s0 s1 s0 s1 s0 s1 . . .π = s0 s1 s0 s1 s0 s1 . . .π = s0 s1 s0 s1 s0 s1 . . . trace(π) = ({a}∅)ωtrace(π) = ({a}∅)ωtrace(π) = ({a}∅)ω
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Correct or wrong ? ltlsf3.1-7

s0s0s0 s1s1s1 s2s2s2

{a}{a}{a} ∅∅∅ {a, b}{a, b}{a, b}
AP = {a, b}AP = {a, b}AP = {a, b}

path π = s0 s1 s0 s1 s0 s1 . . .π = s0 s1 s0 s1 s0 s1 . . .π = s0 s1 s0 s1 s0 s1 . . . trace(π) = ({a}∅)ωtrace(π) = ({a}∅)ωtrace(π) = ({a}∅)ω

π |= a U bπ |= a U bπ |= a U b ?
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Correct or wrong ? ltlsf3.1-7

s0s0s0 s1s1s1 s2s2s2

{a}{a}{a} ∅∅∅ {a, b}{a, b}{a, b}
AP = {a, b}AP = {a, b}AP = {a, b}

path π = s0 s1 s0 s1 s0 s1 . . .π = s0 s1 s0 s1 s0 s1 . . .π = s0 s1 s0 s1 s0 s1 . . . trace(π) = ({a}∅)ωtrace(π) = ({a}∅)ωtrace(π) = ({a}∅)ω

π �|= a U bπ �|= a U bπ �|= a U b as s0 �|= bs0 �|= bs0 �|= b and s1 �|= a ∨ bs1 �|= a ∨ bs1 �|= a ∨ b
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Correct or wrong ? ltlsf3.1-7

s0s0s0 s1s1s1 s2s2s2

{a}{a}{a} ∅∅∅ {a, b}{a, b}{a, b}
AP = {a, b}AP = {a, b}AP = {a, b}

path π = s0 s1 s0 s1 s0 s1 . . .π = s0 s1 s0 s1 s0 s1 . . .π = s0 s1 s0 s1 s0 s1 . . . trace(π) = ({a}∅)ωtrace(π) = ({a}∅)ωtrace(π) = ({a}∅)ω

π �|= a U bπ �|= a U bπ �|= a U b as s0 �|= bs0 �|= bs0 �|= b and s1 �|= a ∨ bs1 �|= a ∨ bs1 �|= a ∨ b

π |= ♦b → (a U b)π |= ♦b → (a U b)π |= ♦b → (a U b) ?
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Correct or wrong ? ltlsf3.1-7

s0s0s0 s1s1s1 s2s2s2

{a}{a}{a} ∅∅∅ {a, b}{a, b}{a, b}
AP = {a, b}AP = {a, b}AP = {a, b}

path π = s0 s1 s0 s1 s0 s1 . . .π = s0 s1 s0 s1 s0 s1 . . .π = s0 s1 s0 s1 s0 s1 . . . trace(π) = ({a}∅)ωtrace(π) = ({a}∅)ωtrace(π) = ({a}∅)ω

π �|= a U bπ �|= a U bπ �|= a U b as s0 �|= bs0 �|= bs0 �|= b and s1 �|= a ∨ bs1 �|= a ∨ bs1 �|= a ∨ b

π |= ♦b → (a U b)π |= ♦b → (a U b)π |= ♦b → (a U b) as π �|= ♦bπ �|= ♦bπ �|= ♦b
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Correct or wrong ? ltlsf3.1-7

s0s0s0 s1s1s1 s2s2s2

{a}{a}{a} ∅∅∅ {a, b}{a, b}{a, b}
AP = {a, b}AP = {a, b}AP = {a, b}

path π = s0 s1 s0 s1 s0 s1 . . .π = s0 s1 s0 s1 s0 s1 . . .π = s0 s1 s0 s1 s0 s1 . . . trace(π) = ({a}∅)ωtrace(π) = ({a}∅)ωtrace(π) = ({a}∅)ω

π �|= a U bπ �|= a U bπ �|= a U b as s0 �|= bs0 �|= bs0 �|= b and s1 �|= a ∨ bs1 �|= a ∨ bs1 �|= a ∨ b

π |= ♦b → (a U b)π |= ♦b → (a U b)π |= ♦b → (a U b) as π �|= ♦bπ �|= ♦bπ �|= ♦b

π |=©©¬bπ |=©©¬bπ |=©©¬b ?
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Correct or wrong ? ltlsf3.1-7

s0s0s0 s1s1s1 s2s2s2

{a}{a}{a} ∅∅∅ {a, b}{a, b}{a, b}
AP = {a, b}AP = {a, b}AP = {a, b}

path π = s0 s1 s0 s1 s0 s1 . . .π = s0 s1 s0 s1 s0 s1 . . .π = s0 s1 s0 s1 s0 s1 . . . trace(π) = ({a}∅)ωtrace(π) = ({a}∅)ωtrace(π) = ({a}∅)ω

π �|= a U bπ �|= a U bπ �|= a U b as s0 �|= bs0 �|= bs0 �|= b and s1 �|= a ∨ bs1 �|= a ∨ bs1 �|= a ∨ b

π |= ♦b → (a U b)π |= ♦b → (a U b)π |= ♦b → (a U b) as π �|= ♦bπ �|= ♦bπ �|= ♦b

π |=©©¬bπ |=©©¬bπ |=©©¬b as s0 |= ¬bs0 |= ¬bs0 |= ¬b
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Correct or wrong ? ltlsf3.1-7

s0s0s0 s1s1s1 s2s2s2

{a}{a}{a} ∅∅∅ {a, b}{a, b}{a, b}
AP = {a, b}AP = {a, b}AP = {a, b}

path π = s0 s1 s0 s1 s0 s1 . . .π = s0 s1 s0 s1 s0 s1 . . .π = s0 s1 s0 s1 s0 s1 . . . trace(π) = ({a}∅)ωtrace(π) = ({a}∅)ωtrace(π) = ({a}∅)ω

π �|= a U bπ �|= a U bπ �|= a U b as s0 �|= bs0 �|= bs0 �|= b and s1 �|= a ∨ bs1 �|= a ∨ bs1 �|= a ∨ b

π |= ♦b → (a U b)π |= ♦b → (a U b)π |= ♦b → (a U b) as π �|= ♦bπ �|= ♦bπ �|= ♦b

π |=©©¬bπ |=©©¬bπ |=©©¬b as s0 |= ¬bs0 |= ¬bs0 |= ¬b

π |= �aπ |= �aπ |= �a ?
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Correct or wrong ? ltlsf3.1-7

s0s0s0 s1s1s1 s2s2s2

{a}{a}{a} ∅∅∅ {a, b}{a, b}{a, b}
AP = {a, b}AP = {a, b}AP = {a, b}

path π = s0 s1 s0 s1 s0 s1 . . .π = s0 s1 s0 s1 s0 s1 . . .π = s0 s1 s0 s1 s0 s1 . . . trace(π) = ({a}∅)ωtrace(π) = ({a}∅)ωtrace(π) = ({a}∅)ω

π �|= a U bπ �|= a U bπ �|= a U b as s0 �|= bs0 �|= bs0 �|= b and s1 �|= a ∨ bs1 �|= a ∨ bs1 �|= a ∨ b

π |= ♦b → (a U b)π |= ♦b → (a U b)π |= ♦b → (a U b) as π �|= ♦bπ �|= ♦bπ �|= ♦b

π |=©©¬bπ |=©©¬bπ |=©©¬b as s0 |= ¬bs0 |= ¬bs0 |= ¬b

π �|= �aπ �|= �aπ �|= �a as s1 �|= as1 �|= as1 �|= a
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Correct or wrong ? ltlsf3.1-7

s0s0s0 s1s1s1 s2s2s2
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LTL-semantics of derived operators ltlsf3.1-LTL-sem-derived

for σ = A0 A1 A2 . . . ∈
(
2AP

)ω
σ = A0 A1 A2 . . . ∈

(
2AP

)ω
σ = A0 A1 A2 . . . ∈

(
2AP

)ω
:
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)ω
σ = A0 A1 A2 . . . ∈
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Aj Aj+1 Aj+2 . . .Aj Aj+1 Aj+2 . . .Aj Aj+1 Aj+2 . . . |= ϕ|= ϕ|= ϕ
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Aj Aj+1 Aj+2 . . .Aj Aj+1 Aj+2 . . .Aj Aj+1 Aj+2 . . . |= ϕ|= ϕ|= ϕ
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LTL semantics over the states of a TS ltlsf3.1-sem-states

given: TS T = (S ,Act,→, S0,AP, L)T = (S ,Act,→, S0,AP , L)T = (S ,Act,→, S0,AP, L)
without terminal states

LTL formula ϕϕϕ over APAPAP

interpretation of ϕϕϕ over infinite path fragments

π = s0 s1 s2 . . . |= ϕπ = s0 s1 s2 . . . |= ϕπ = s0 s1 s2 . . . |= ϕ iff trace(π) |= ϕtrace(π) |= ϕtrace(π) |= ϕ

interpretation of ϕϕϕ over states:

s |= ϕs |= ϕs |= ϕ iff trace(π) |= ϕtrace(π) |= ϕtrace(π) |= ϕ for all π ∈ Paths(s)π ∈ Paths(s)π ∈ Paths(s)
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satisfaction relation for LT properties
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Which formulas hold for TTT ? ltlsf3.1-11

s0s0s0 s1s1s1 s2s2s2

{a}{a}{a} ∅∅∅ {a, b}{a, b}{a, b}
AP = {a, b}AP = {a, b}AP = {a, b}
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s0s0s0 s1s1s1 s2s2s2

{a}{a}{a} ∅∅∅ {a, b}{a, b}{a, b}
AP = {a, b}AP = {a, b}AP = {a, b}

T |= aT |= aT |= a
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Correct or wrong? ltlsf3.1-12

For each path πππ we have: π |= ϕπ |= ϕπ |= ϕ or π |= ¬ϕπ |= ¬ϕπ |= ¬ϕ
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Correct or wrong? ltlsf3.1-12

For each path πππ we have: π |= ϕπ |= ϕπ |= ϕ or π |= ¬ϕπ |= ¬ϕπ |= ¬ϕ

correct, since π |= ¬ϕπ |= ¬ϕπ |= ¬ϕ iff π �|= ϕπ �|= ϕπ �|= ϕ

For each state sss we have: s |= ϕs |= ϕs |= ϕ or s |= ¬ϕs |= ¬ϕs |= ¬ϕ

wrong.

sss ∅∅∅

∅∅∅{a}{a}{a}

s �|= ♦as �|= ♦as �|= ♦a and s �|= ¬♦as �|= ¬♦as �|= ¬♦a
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LTL-formulas for MUTEX protocols ltlsf3.1-16
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LTL-formulas for MUTEX protocols ltlsf3.1-16

LTL formulas over AP =
{
wait1, crit1,wait2, crit2

}
AP =

{
wait1, crit1,wait2, crit2

}
AP =

{
wait1, crit1,wait2, crit2

}

• the mutual exclusion property

ϕmutex = ?ϕmutex = ?ϕmutex = ?
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LTL formulas over AP =
{
wait1, crit1,wait2, crit2

}
AP =

{
wait1, crit1,wait2, crit2

}
AP =

{
wait1, crit1,wait2, crit2

}

• the mutual exclusion property

ϕmutex = �(¬crit1 ∨ ¬crit2)ϕmutex = �(¬crit1 ∨ ¬crit2)ϕmutex = �(¬crit1 ∨ ¬crit2)
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LTL-formulas for MUTEX protocols ltlsf3.1-16

LTL formulas over AP =
{
wait1, crit1,wait2, crit2

}
AP =

{
wait1, crit1,wait2, crit2

}
AP =

{
wait1, crit1,wait2, crit2

}

• the mutual exclusion property

ϕmutex = �(¬crit1 ∨ ¬crit2)ϕmutex = �(¬crit1 ∨ ¬crit2)ϕmutex = �(¬crit1 ∨ ¬crit2)

• “every process enters the critical section infinitely
often”

ϕlive = ?ϕlive = ?ϕlive = ?
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LTL-formulas for MUTEX protocols ltlsf3.1-16

LTL formulas over AP =
{
wait1, crit1,wait2, crit2

}
AP =

{
wait1, crit1,wait2, crit2

}
AP =

{
wait1, crit1,wait2, crit2

}

• the mutual exclusion property

ϕmutex = �(¬crit1 ∨ ¬crit2)ϕmutex = �(¬crit1 ∨ ¬crit2)ϕmutex = �(¬crit1 ∨ ¬crit2)

• “every process enters the critical section infinitely
often”

ϕlive = �♦crit1 ∧ �♦crit2ϕlive = �♦crit1 ∧ �♦crit2ϕlive = �♦crit1 ∧ �♦crit2
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LTL-formulas for MUTEX protocols ltlsf3.1-16

LTL formulas over AP =
{
wait1, crit1,wait2, crit2

}
AP =

{
wait1, crit1,wait2, crit2

}
AP =

{
wait1, crit1,wait2, crit2

}

• the mutual exclusion property

ϕmutex = �(¬crit1 ∨ ¬crit2)ϕmutex = �(¬crit1 ∨ ¬crit2)ϕmutex = �(¬crit1 ∨ ¬crit2)

• “every process enters the critical section infinitely
often”

ϕlive = �♦crit1 ∧ �♦crit2ϕlive = �♦crit1 ∧ �♦crit2ϕlive = �♦crit1 ∧ �♦crit2

• starvation freedom
“every waiting process finally enters its critical section”

ϕsf = ?ϕsf = ?ϕsf = ?
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LTL-formulas for MUTEX protocols ltlsf3.1-16

LTL formulas over AP =
{
wait1, crit1,wait2, crit2

}
AP =

{
wait1, crit1,wait2, crit2

}
AP =

{
wait1, crit1,wait2, crit2

}

• the mutual exclusion property

ϕmutex = �(¬crit1 ∨ ¬crit2)ϕmutex = �(¬crit1 ∨ ¬crit2)ϕmutex = �(¬crit1 ∨ ¬crit2)

• “every process enters the critical section infinitely
often”

ϕlive = �♦crit1 ∧ �♦crit2ϕlive = �♦crit1 ∧ �♦crit2ϕlive = �♦crit1 ∧ �♦crit2

• starvation freedom
“every waiting process finally enters its critical section”

ϕsf = �(wait1 → ♦crit1) ∧ �(wait2 → ♦crit2)ϕsf = �(wait1 → ♦crit1) ∧ �(wait2 → ♦crit2)ϕsf = �(wait1 → ♦crit1) ∧ �(wait2 → ♦crit2)
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Provide an LTL formula over AP = {a, b}AP = {a, b}AP = {a, b} for ... ltlsf3.1-17

• set of all words A0 A1 A2 . . . ∈
(
2AP

)ω
A0 A1 A2 . . . ∈

(
2AP

)ω
A0 A1 A2 . . . ∈

(
2AP

)ω
such that:

∀i ≥ 0. ( a ∈ Ai =⇒ i ≥ 1 ∧ b ∈ Ai−1 )∀i ≥ 0. ( a ∈ Ai =⇒ i ≥ 1 ∧ b ∈ Ai−1 )∀i ≥ 0. ( a ∈ Ai =⇒ i ≥ 1 ∧ b ∈ Ai−1 )
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Provide an LTL formula over AP = {a, b}AP = {a, b}AP = {a, b} for ... ltlsf3.1-17

• set of all words A0 A1 A2 . . . ∈
(
2AP

)ω
A0 A1 A2 . . . ∈

(
2AP

)ω
A0 A1 A2 . . . ∈

(
2AP

)ω
such that:

∀i ≥ 0. ( a ∈ Ai =⇒ i ≥ 1 ∧ b ∈ Ai−1 )∀i ≥ 0. ( a ∈ Ai =⇒ i ≥ 1 ∧ b ∈ Ai−1 )∀i ≥ 0. ( a ∈ Ai =⇒ i ≥ 1 ∧ b ∈ Ai−1 )

∀j ≥ 0. ( b ∈ Aj ∨ a �∈ Aj+1)∀j ≥ 0. ( b ∈ Aj ∨ a �∈ Aj+1)∀j ≥ 0. ( b ∈ Aj ∨ a �∈ Aj+1)
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Provide an LTL formula over AP = {a, b}AP = {a, b}AP = {a, b} for ... ltlsf3.1-17

• set of all words A0 A1 A2 . . . ∈
(
2AP

)ω
A0 A1 A2 . . . ∈

(
2AP

)ω
A0 A1 A2 . . . ∈

(
2AP

)ω
such that:

∀i ≥ 0. ( a ∈ Ai =⇒ i ≥ 1 ∧ b ∈ Ai−1 )∀i ≥ 0. ( a ∈ Ai =⇒ i ≥ 1 ∧ b ∈ Ai−1 )∀i ≥ 0. ( a ∈ Ai =⇒ i ≥ 1 ∧ b ∈ Ai−1 )

∀j ≥ 0. ( b ∈ Aj ∨ a �∈ Aj+1)∀j ≥ 0. ( b ∈ Aj ∨ a �∈ Aj+1)∀j ≥ 0. ( b ∈ Aj ∨ a �∈ Aj+1)

=̂ Words
(
�(b ∨©¬a)

)
=̂ Words

(
�(b ∨©¬a)

)
=̂ Words

(
�(b ∨©¬a)

)
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Provide an LTL formula over AP = {a, b}AP = {a, b}AP = {a, b} for ... ltlsf3.1-17

• set of all words A0 A1 A2 . . . ∈
(
2AP

)ω
A0 A1 A2 . . . ∈

(
2AP

)ω
A0 A1 A2 . . . ∈

(
2AP

)ω
such that:

∀i ≥ 0. ( a ∈ Ai =⇒ i ≥ 1 ∧ b ∈ Ai−1 )∀i ≥ 0. ( a ∈ Ai =⇒ i ≥ 1 ∧ b ∈ Ai−1 )∀i ≥ 0. ( a ∈ Ai =⇒ i ≥ 1 ∧ b ∈ Ai−1 )

∀j ≥ 0. ( b ∈ Aj ∨ a �∈ Aj+1)∀j ≥ 0. ( b ∈ Aj ∨ a �∈ Aj+1)∀j ≥ 0. ( b ∈ Aj ∨ a �∈ Aj+1)

=̂ Words
(
�(b ∨©¬a)

)
=̂ Words

(
�(b ∨©¬a)

)
=̂ Words

(
�(b ∨©¬a)

)

• set of all words of the form

{b}n1 {a} {b}n2 {a} {b}n3 {a} . . .{b}n1 {a} {b}n2 {a} {b}n3 {a} . . .{b}n1 {a} {b}n2 {a} {b}n3 {a} . . .
where n1, n2, n3, . . . ≥ 0n1, n2, n3, . . . ≥ 0n1, n2, n3, . . . ≥ 0
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Provide an LTL formula over AP = {a, b}AP = {a, b}AP = {a, b} for ... ltlsf3.1-17

• set of all words A0 A1 A2 . . . ∈
(
2AP

)ω
A0 A1 A2 . . . ∈

(
2AP

)ω
A0 A1 A2 . . . ∈

(
2AP

)ω
such that:

∀i ≥ 0. ( a ∈ Ai =⇒ i ≥ 1 ∧ b ∈ Ai−1 )∀i ≥ 0. ( a ∈ Ai =⇒ i ≥ 1 ∧ b ∈ Ai−1 )∀i ≥ 0. ( a ∈ Ai =⇒ i ≥ 1 ∧ b ∈ Ai−1 )

∀j ≥ 0. ( b ∈ Aj ∨ a �∈ Aj+1)∀j ≥ 0. ( b ∈ Aj ∨ a �∈ Aj+1)∀j ≥ 0. ( b ∈ Aj ∨ a �∈ Aj+1)

=̂ Words
(
�(b ∨©¬a)

)
=̂ Words

(
�(b ∨©¬a)

)
=̂ Words

(
�(b ∨©¬a)

)

• set of all words of the form

{b}n1 {a} {b}n2 {a} {b}n3 {a} . . .{b}n1 {a} {b}n2 {a} {b}n3 {a} . . .{b}n1 {a} {b}n2 {a} {b}n3 {a} . . .
where n1, n2, n3, . . . ≥ 0n1, n2, n3, . . . ≥ 0n1, n2, n3, . . . ≥ 0

=̂ Words
(
�((b ∧ ¬a) U (a ∧ ¬b))

)
=̂ Words

(
�((b ∧ ¬a) U (a ∧ ¬b))

)
=̂ Words

(
�((b ∧ ¬a) U (a ∧ ¬b))

)
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Equivalence of LTL formulas ltlsf3.1-24
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Equivalence of LTL formulas ltlsf3.1-24

ϕ1 ≡ ϕ2ϕ1 ≡ ϕ2ϕ1 ≡ ϕ2 iff Words(ϕ1) = Words(ϕ2)Words(ϕ1) = Words(ϕ2)Words(ϕ1) = Words(ϕ2)
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Equivalence of LTL formulas ltlsf3.1-24

ϕ1 ≡ ϕ2ϕ1 ≡ ϕ2ϕ1 ≡ ϕ2 iff Words(ϕ1) = Words(ϕ2)Words(ϕ1) = Words(ϕ2)Words(ϕ1) = Words(ϕ2)

iff for all transition systems TTT :

T |= ϕ1T |= ϕ1T |= ϕ1 ⇐⇒⇐⇒⇐⇒ T |= ϕ2T |= ϕ2T |= ϕ2
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Equivalence of LTL formulas ltlsf3.1-24

ϕ1 ≡ ϕ2ϕ1 ≡ ϕ2ϕ1 ≡ ϕ2 iff Words(ϕ1) = Words(ϕ2)Words(ϕ1) = Words(ϕ2)Words(ϕ1) = Words(ϕ2)

iff for all transition systems TTT :

T |= ϕ1T |= ϕ1T |= ϕ1 ⇐⇒⇐⇒⇐⇒ T |= ϕ2T |= ϕ2T |= ϕ2

Examples:

ϕ1 ∨ ϕ2ϕ1 ∨ ϕ2ϕ1 ∨ ϕ2 ≡≡≡ ϕ2 ∨ ϕ1ϕ2 ∨ ϕ1ϕ2 ∨ ϕ1

¬¬ϕ¬¬ϕ¬¬ϕ ≡≡≡ ϕϕϕ
...
...
...

all equivalences
from propositional logic
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Equivalence of LTL formulas ltlsf3.1-24

ϕ1 ≡ ϕ2ϕ1 ≡ ϕ2ϕ1 ≡ ϕ2 iff Words(ϕ1) = Words(ϕ2)Words(ϕ1) = Words(ϕ2)Words(ϕ1) = Words(ϕ2)

iff for all transition systems TTT :

T |= ϕ1T |= ϕ1T |= ϕ1 ⇐⇒⇐⇒⇐⇒ T |= ϕ2T |= ϕ2T |= ϕ2

Examples:

ϕ1 ∨ ϕ2ϕ1 ∨ ϕ2ϕ1 ∨ ϕ2 ≡≡≡ ϕ2 ∨ ϕ1ϕ2 ∨ ϕ1ϕ2 ∨ ϕ1

¬¬ϕ¬¬ϕ¬¬ϕ ≡≡≡ ϕϕϕ
...
...
...

¬©ϕ¬©ϕ¬©ϕ ≡≡≡ ©¬ϕ©¬ϕ©¬ϕ

all equivalences
from propositional logic

137 / 416



Self-duality of the next operator ltlsf3.1-24a

ϕ1 ≡ ϕ2ϕ1 ≡ ϕ2ϕ1 ≡ ϕ2 iff Words(ϕ1) = Words(ϕ2)Words(ϕ1) = Words(ϕ2)Words(ϕ1) = Words(ϕ2)

Claim: ¬©ϕ ≡ ©¬ϕ¬©ϕ ≡ ©¬ϕ¬©ϕ ≡ ©¬ϕ “self-duality of next”
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Self-duality of the next operator ltlsf3.1-24a

ϕ1 ≡ ϕ2ϕ1 ≡ ϕ2ϕ1 ≡ ϕ2 iff Words(ϕ1) = Words(ϕ2)Words(ϕ1) = Words(ϕ2)Words(ϕ1) = Words(ϕ2)

Claim: ¬©ϕ ≡ ©¬ϕ¬©ϕ ≡ ©¬ϕ¬©ϕ ≡ ©¬ϕ “self-duality of next”

Proof: A0 A1 A2 A3 . . .A0 A1 A2 A3 . . .A0 A1 A2 A3 . . . |=|=|= ¬©ϕ¬©ϕ¬©ϕ
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Self-duality of the next operator ltlsf3.1-24a

ϕ1 ≡ ϕ2ϕ1 ≡ ϕ2ϕ1 ≡ ϕ2 iff Words(ϕ1) = Words(ϕ2)Words(ϕ1) = Words(ϕ2)Words(ϕ1) = Words(ϕ2)

Claim: ¬©ϕ ≡ ©¬ϕ¬©ϕ ≡ ©¬ϕ¬©ϕ ≡ ©¬ϕ “self-duality of next”

Proof: A0 A1 A2 A3 . . .A0 A1 A2 A3 . . .A0 A1 A2 A3 . . . |=|=|= ¬©ϕ¬©ϕ¬©ϕ
iff A0 A1 A2 A3 . . .A0 A1 A2 A3 . . .A0 A1 A2 A3 . . . �|=�|=�|= ©ϕ©ϕ©ϕ
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Self-duality of the next operator ltlsf3.1-24a

ϕ1 ≡ ϕ2ϕ1 ≡ ϕ2ϕ1 ≡ ϕ2 iff Words(ϕ1) = Words(ϕ2)Words(ϕ1) = Words(ϕ2)Words(ϕ1) = Words(ϕ2)

Claim: ¬©ϕ ≡ ©¬ϕ¬©ϕ ≡ ©¬ϕ¬©ϕ ≡ ©¬ϕ “self-duality of next”

Proof: A0 A1 A2 A3 . . .A0 A1 A2 A3 . . .A0 A1 A2 A3 . . . |=|=|= ¬©ϕ¬©ϕ¬©ϕ
iff A0 A1 A2 A3 . . .A0 A1 A2 A3 . . .A0 A1 A2 A3 . . . �|=�|=�|= ©ϕ©ϕ©ϕ
iff A1 A2 A3 . . .A1 A2 A3 . . .A1 A2 A3 . . . �|=�|=�|= ϕϕϕ
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Self-duality of the next operator ltlsf3.1-24a

ϕ1 ≡ ϕ2ϕ1 ≡ ϕ2ϕ1 ≡ ϕ2 iff Words(ϕ1) = Words(ϕ2)Words(ϕ1) = Words(ϕ2)Words(ϕ1) = Words(ϕ2)

Claim: ¬©ϕ ≡ ©¬ϕ¬©ϕ ≡ ©¬ϕ¬©ϕ ≡ ©¬ϕ “self-duality of next”

Proof: A0 A1 A2 A3 . . .A0 A1 A2 A3 . . .A0 A1 A2 A3 . . . |=|=|= ¬©ϕ¬©ϕ¬©ϕ
iff A0 A1 A2 A3 . . .A0 A1 A2 A3 . . .A0 A1 A2 A3 . . . �|=�|=�|= ©ϕ©ϕ©ϕ
iff A1 A2 A3 . . .A1 A2 A3 . . .A1 A2 A3 . . . �|=�|=�|= ϕϕϕ

iff A1 A2 A3 . . .A1 A2 A3 . . .A1 A2 A3 . . . |=|=|= ¬ϕ¬ϕ¬ϕ
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Self-duality of the next operator ltlsf3.1-24a

ϕ1 ≡ ϕ2ϕ1 ≡ ϕ2ϕ1 ≡ ϕ2 iff Words(ϕ1) = Words(ϕ2)Words(ϕ1) = Words(ϕ2)Words(ϕ1) = Words(ϕ2)

Claim: ¬©ϕ ≡ ©¬ϕ¬©ϕ ≡ ©¬ϕ¬©ϕ ≡ ©¬ϕ “self-duality of next”

Proof: A0 A1 A2 A3 . . .A0 A1 A2 A3 . . .A0 A1 A2 A3 . . . |=|=|= ¬©ϕ¬©ϕ¬©ϕ
iff A0 A1 A2 A3 . . .A0 A1 A2 A3 . . .A0 A1 A2 A3 . . . �|=�|=�|= ©ϕ©ϕ©ϕ
iff A1 A2 A3 . . .A1 A2 A3 . . .A1 A2 A3 . . . �|=�|=�|= ϕϕϕ

iff A1 A2 A3 . . .A1 A2 A3 . . .A1 A2 A3 . . . |=|=|= ¬ϕ¬ϕ¬ϕ
iff A0 A1 A2 A3 . . .A0 A1 A2 A3 . . .A0 A1 A2 A3 . . . |=|=|= ©¬ϕ©¬ϕ©¬ϕ
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Correct or wrong? ltlsf3.1-26

♦(ϕ ∨ ψ) ≡ ♦ϕ ∨ ♦ψ♦(ϕ ∨ ψ) ≡ ♦ϕ ∨ ♦ψ♦(ϕ ∨ ψ) ≡ ♦ϕ ∨ ♦ψ
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Correct or wrong? ltlsf3.1-26

♦(ϕ ∨ ψ) ≡ ♦ϕ ∨ ♦ψ♦(ϕ ∨ ψ) ≡ ♦ϕ ∨ ♦ψ♦(ϕ ∨ ψ) ≡ ♦ϕ ∨ ♦ψ

correct
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Correct or wrong? ltlsf3.1-26

♦(ϕ ∨ ψ) ≡ ♦ϕ ∨ ♦ψ♦(ϕ ∨ ψ) ≡ ♦ϕ ∨ ♦ψ♦(ϕ ∨ ψ) ≡ ♦ϕ ∨ ♦ψ

correct

♦(ϕ ∧ ψ) ≡ ♦ϕ ∧ ♦ψ♦(ϕ ∧ ψ) ≡ ♦ϕ ∧ ♦ψ♦(ϕ ∧ ψ) ≡ ♦ϕ ∧ ♦ψ
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Correct or wrong? ltlsf3.1-26

♦(ϕ ∨ ψ) ≡ ♦ϕ ∨ ♦ψ♦(ϕ ∨ ψ) ≡ ♦ϕ ∨ ♦ψ♦(ϕ ∨ ψ) ≡ ♦ϕ ∨ ♦ψ

correct

♦(ϕ ∧ ψ) ≡ ♦ϕ ∧ ♦ψ♦(ϕ ∧ ψ) ≡ ♦ϕ ∧ ♦ψ♦(ϕ ∧ ψ) ≡ ♦ϕ ∧ ♦ψ

wrong,
e.g., {b}{b}{b} {a}{a}{a}

|= ♦b ∧ ♦a|= ♦b ∧ ♦a|= ♦b ∧ ♦a

�|= ♦(b ∧ a)�|= ♦(b ∧ a)�|= ♦(b ∧ a)

147 / 416



Correct or wrong? ltlsf3.1-26

♦(ϕ ∨ ψ) ≡ ♦ϕ ∨ ♦ψ♦(ϕ ∨ ψ) ≡ ♦ϕ ∨ ♦ψ♦(ϕ ∨ ψ) ≡ ♦ϕ ∨ ♦ψ

correct

♦(ϕ ∧ ψ) ≡ ♦ϕ ∧ ♦ψ♦(ϕ ∧ ψ) ≡ ♦ϕ ∧ ♦ψ♦(ϕ ∧ ψ) ≡ ♦ϕ ∧ ♦ψ

wrong,
e.g., {b}{b}{b} {a}{a}{a}

|= ♦b ∧ ♦a|= ♦b ∧ ♦a|= ♦b ∧ ♦a

�|= ♦(b ∧ a)�|= ♦(b ∧ a)�|= ♦(b ∧ a)

similarly: �(ϕ ∧ ψ)�(ϕ ∧ ψ)�(ϕ ∧ ψ) ≡≡≡ �ϕ ∧ �ψ�ϕ ∧ �ψ�ϕ ∧ �ψ
�(ϕ ∨ ψ)�(ϕ ∨ ψ)�(ϕ ∨ ψ) �≡�≡�≡ �ϕ ∨ �ψ�ϕ ∨ �ψ�ϕ ∨ �ψ
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Expansion laws ltlsf3.1-28
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Expansion law for UUU ltlsf3.1-28

until: ϕUψϕUψϕUψ ≡≡≡ ψ ∨ (ϕ ∧©(ϕUψ))ψ ∨ (ϕ ∧©(ϕUψ))ψ ∨ (ϕ ∧©(ϕUψ))
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Expansion laws for UUU and ♦♦♦ ltlsf3.1-28

until: ϕUψϕUψϕUψ ≡≡≡ ψ ∨ (ϕ ∧©(ϕUψ))ψ ∨ (ϕ ∧©(ϕUψ))ψ ∨ (ϕ ∧©(ϕUψ))

eventually: ♦ψ♦ψ♦ψ ≡≡≡ ψ ∨ ©♦ψψ ∨ ©♦ψψ ∨ ©♦ψ
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Expansion laws for UUU and ♦♦♦ ltlsf3.1-28

until: ϕUψϕUψϕUψ ≡≡≡ ψ ∨ (ϕ ∧©(ϕUψ))ψ ∨ (ϕ ∧©(ϕUψ))ψ ∨ (ϕ ∧©(ϕUψ))

eventually: ♦ψ♦ψ♦ψ ≡≡≡ ψ ∨ ©♦ψψ ∨ ©♦ψψ ∨ ©♦ψ

note: ♦ψ♦ψ♦ψ === true Uψtrue Uψtrue Uψ

ψ ∨ (true ∧ ©(ψ ∨ (true ∧ ©(ψ ∨ (true ∧ ©( true Uψtrue Uψtrue Uψ︸ ︷︷ ︸
= ♦ψ= ♦ψ= ♦ψ

))))))
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Expansion laws for UUU and ♦♦♦ ltlsf3.1-28

until: ϕUψϕUψϕUψ ≡≡≡ ψ ∨ (ϕ ∧©(ϕUψ))ψ ∨ (ϕ ∧©(ϕUψ))ψ ∨ (ϕ ∧©(ϕUψ))

eventually: ♦ψ♦ψ♦ψ ≡≡≡ ψ ∨ ©♦ψψ ∨ ©♦ψψ ∨ ©♦ψ

note: ♦ψ♦ψ♦ψ === true Uψtrue Uψtrue Uψ

≡≡≡ ψ ∨ (true ∧ ©(ψ ∨ (true ∧ ©(ψ ∨ (true ∧ ©( true Uψtrue Uψtrue Uψ︸ ︷︷ ︸
= ♦ψ= ♦ψ= ♦ψ

))))))
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Expansion laws for UUU and ♦♦♦ ltlsf3.1-28

until: ϕUψϕUψϕUψ ≡≡≡ ψ ∨ (ϕ ∧©(ϕUψ))ψ ∨ (ϕ ∧©(ϕUψ))ψ ∨ (ϕ ∧©(ϕUψ))

eventually: ♦ψ♦ψ♦ψ ≡≡≡ ψ ∨ ©♦ψψ ∨ ©♦ψψ ∨ ©♦ψ

note: ♦ψ♦ψ♦ψ === true Uψtrue Uψtrue Uψ

≡≡≡ ψ ∨ (true ∧ ©(ψ ∨ (true ∧ ©(ψ ∨ (true ∧ ©( true Uψtrue Uψtrue Uψ︸ ︷︷ ︸
= ♦ψ= ♦ψ= ♦ψ

))))))
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Expansion laws for UUU and ♦♦♦ ltlsf3.1-28

until: ϕUψϕUψϕUψ ≡≡≡ ψ ∨ (ϕ ∧©(ϕUψ))ψ ∨ (ϕ ∧©(ϕUψ))ψ ∨ (ϕ ∧©(ϕUψ))

eventually: ♦ψ♦ψ♦ψ ≡≡≡ ψ ∨ ©♦ψψ ∨ ©♦ψψ ∨ ©♦ψ

note: ♦ψ♦ψ♦ψ === true Uψtrue Uψtrue Uψ

≡≡≡ ψ ∨ (true ∧ ©(ψ ∨ (true ∧ ©(ψ ∨ (true ∧ ©( true Uψtrue Uψtrue Uψ︸ ︷︷ ︸
= ♦ψ= ♦ψ= ♦ψ

))))))

≡≡≡ ψ ∨ ©♦ψψ ∨ ©♦ψψ ∨ ©♦ψ
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Expansion laws for UUU, ♦♦♦ and ��� ltlsf3.1-29

until: ϕUψϕUψϕUψ ≡≡≡ ψ ∨ (ϕ ∧©(ϕUψ))ψ ∨ (ϕ ∧©(ϕUψ))ψ ∨ (ϕ ∧©(ϕUψ))

eventually: ♦ψ♦ψ♦ψ ≡≡≡ ψ ∨ ©♦ψψ ∨ ©♦ψψ ∨ ©♦ψ

always: �ψ�ψ�ψ ≡≡≡ ?
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Expansion laws for UUU, ♦♦♦ and ��� ltlsf3.1-29

until: ϕUψϕUψϕUψ ≡≡≡ ψ ∨ (ϕ ∧©(ϕUψ))ψ ∨ (ϕ ∧©(ϕUψ))ψ ∨ (ϕ ∧©(ϕUψ))

eventually: ♦ψ♦ψ♦ψ ≡≡≡ ψ ∨ ©♦ψψ ∨ ©♦ψψ ∨ ©♦ψ

always: �ψ�ψ�ψ ≡≡≡ ψ ∧ ©�ψψ ∧ ©�ψψ ∧ ©�ψ
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Expansion laws for UUU, ♦♦♦ and ��� ltlsf3.1-29

until: ϕUψϕUψϕUψ ≡≡≡ ψ ∨ (ϕ ∧©(ϕUψ))ψ ∨ (ϕ ∧©(ϕUψ))ψ ∨ (ϕ ∧©(ϕUψ))

eventually: ♦ψ♦ψ♦ψ ≡≡≡ ψ ∨ ©♦ψψ ∨ ©♦ψψ ∨ ©♦ψ

always: �ψ�ψ�ψ ≡≡≡ ψ ∧ ©�ψψ ∧ ©�ψψ ∧ ©�ψ

�ψ�ψ�ψ === ¬♦¬ψ¬♦¬ψ¬♦¬ψ
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Expansion laws for UUU, ♦♦♦ and ��� ltlsf3.1-29

until: ϕUψϕUψϕUψ ≡≡≡ ψ ∨ (ϕ ∧©(ϕUψ))ψ ∨ (ϕ ∧©(ϕUψ))ψ ∨ (ϕ ∧©(ϕUψ))

eventually: ♦ψ♦ψ♦ψ ≡≡≡ ψ ∨ ©♦ψψ ∨ ©♦ψψ ∨ ©♦ψ

always: �ψ�ψ�ψ ≡≡≡ ψ ∧ ©�ψψ ∧ ©�ψψ ∧ ©�ψ

�ψ�ψ�ψ === ¬♦¬ψ¬♦¬ψ¬♦¬ψ
≡≡≡ ¬(¬ψ ∨ ©♦¬ψ)¬(¬ψ ∨ ©♦¬ψ)¬(¬ψ ∨ ©♦¬ψ)←←← expansion law for ♦♦♦
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Expansion laws for UUU, ♦♦♦ and ��� ltlsf3.1-29

until: ϕUψϕUψϕUψ ≡≡≡ ψ ∨ (ϕ ∧©(ϕUψ))ψ ∨ (ϕ ∧©(ϕUψ))ψ ∨ (ϕ ∧©(ϕUψ))

eventually: ♦ψ♦ψ♦ψ ≡≡≡ ψ ∨ ©♦ψψ ∨ ©♦ψψ ∨ ©♦ψ

always: �ψ�ψ�ψ ≡≡≡ ψ ∧ ©�ψψ ∧ ©�ψψ ∧ ©�ψ

�ψ�ψ�ψ === ¬♦¬ψ¬♦¬ψ¬♦¬ψ
≡≡≡ ¬(¬ψ ∨ ©♦¬ψ)¬(¬ψ ∨ ©♦¬ψ)¬(¬ψ ∨ ©♦¬ψ)

≡≡≡ ¬¬ψ ∧ ¬©♦¬ψ¬¬ψ ∧ ¬©♦¬ψ¬¬ψ ∧ ¬©♦¬ψ ←←← de Morgan
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Expansion laws for UUU, ♦♦♦ and ��� ltlsf3.1-29

until: ϕUψϕUψϕUψ ≡≡≡ ψ ∨ (ϕ ∧©(ϕUψ))ψ ∨ (ϕ ∧©(ϕUψ))ψ ∨ (ϕ ∧©(ϕUψ))

eventually: ♦ψ♦ψ♦ψ ≡≡≡ ψ ∨ ©♦ψψ ∨ ©♦ψψ ∨ ©♦ψ

always: �ψ�ψ�ψ ≡≡≡ ψ ∧ ©�ψψ ∧ ©�ψψ ∧ ©�ψ

�ψ�ψ�ψ === ¬♦¬ψ¬♦¬ψ¬♦¬ψ
≡≡≡ ¬(¬ψ ∨ ©♦¬ψ)¬(¬ψ ∨ ©♦¬ψ)¬(¬ψ ∨ ©♦¬ψ)

≡≡≡ ¬¬ψ ∧ ¬©♦¬ψ¬¬ψ ∧ ¬©♦¬ψ¬¬ψ ∧ ¬©♦¬ψ
≡≡≡ ψ ∧ ¬©♦¬ψψ ∧ ¬©♦¬ψψ ∧ ¬©♦¬ψ ←←← double negation
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Expansion laws for UUU, ♦♦♦ and ��� ltlsf3.1-29

until: ϕUψϕUψϕUψ ≡≡≡ ψ ∨ (ϕ ∧©(ϕUψ))ψ ∨ (ϕ ∧©(ϕUψ))ψ ∨ (ϕ ∧©(ϕUψ))

eventually: ♦ψ♦ψ♦ψ ≡≡≡ ψ ∨ ©♦ψψ ∨ ©♦ψψ ∨ ©♦ψ

always: �ψ�ψ�ψ ≡≡≡ ψ ∧ ©�ψψ ∧ ©�ψψ ∧ ©�ψ

�ψ�ψ�ψ === ¬♦¬ψ¬♦¬ψ¬♦¬ψ
≡≡≡ ¬(¬ψ ∨ ©♦¬ψ)¬(¬ψ ∨ ©♦¬ψ)¬(¬ψ ∨ ©♦¬ψ)

≡≡≡ ¬¬ψ ∧ ¬©♦¬ψ¬¬ψ ∧ ¬©♦¬ψ¬¬ψ ∧ ¬©♦¬ψ
≡≡≡ ψ ∧ ©¬♦¬ψψ ∧ ©¬♦¬ψψ ∧ ©¬♦¬ψ ←←← self duality of©©©
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Expansion laws for UUU, ♦♦♦ and ��� ltlsf3.1-29

until: ϕUψϕUψϕUψ ≡≡≡ ψ ∨ (ϕ ∧©(ϕUψ))ψ ∨ (ϕ ∧©(ϕUψ))ψ ∨ (ϕ ∧©(ϕUψ))

eventually: ♦ψ♦ψ♦ψ ≡≡≡ ψ ∨ ©♦ψψ ∨ ©♦ψψ ∨ ©♦ψ

always: �ψ�ψ�ψ ≡≡≡ ψ ∧ ©�ψψ ∧ ©�ψψ ∧ ©�ψ

�ψ�ψ�ψ === ¬♦¬ψ¬♦¬ψ¬♦¬ψ
≡≡≡ ¬(¬ψ ∨ ©♦¬ψ)¬(¬ψ ∨ ©♦¬ψ)¬(¬ψ ∨ ©♦¬ψ)

≡≡≡ ¬¬ψ ∧ ¬©♦¬ψ¬¬ψ ∧ ¬©♦¬ψ¬¬ψ ∧ ¬©♦¬ψ
≡≡≡ ψ ∧ ©¬♦¬ψψ ∧ ©¬♦¬ψψ ∧ ©¬♦¬ψ
≡≡≡ ψ ∧ ©�ψψ ∧ ©�ψψ ∧ ©�ψ ←←← definition of ���
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Expansion laws are fixed point equations ltlsf3.1-30

until: ϕUψϕUψϕUψ ≡≡≡ ψ ∨ (ϕ ∧©(ϕUψ))ψ ∨ (ϕ ∧©(ϕUψ))ψ ∨ (ϕ ∧©(ϕUψ))

eventually: ♦ψ♦ψ♦ψ ≡≡≡ ψ ∨ ©♦ψψ ∨ ©♦ψψ ∨ ©♦ψ

always: �ψ�ψ�ψ ≡≡≡ ψ ∧ ©�ψψ ∧ ©�ψψ ∧ ©�ψ
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Expansion laws are fixed point equations ltlsf3.1-30

until: ϕUψϕUψϕUψ ≡≡≡ ψ ∨ (ϕ ∧©ψ ∨ (ϕ ∧©ψ ∨ (ϕ ∧© ϕUψϕUψϕUψ )))

eventually: ♦ψ♦ψ♦ψ ≡≡≡ ψ ∨ ©ψ ∨ ©ψ ∨ ©♦ψ♦ψ♦ψ

always: �ψ�ψ�ψ ≡≡≡ ψ ∧ ©ψ ∧ ©ψ ∧ ©�ψ�ψ�ψ
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Expansion laws are fixed point equations ltlsf3.1-30

until: ϕUψϕUψϕUψ ≡≡≡ ψ ∨ (ϕ ∧©ψ ∨ (ϕ ∧©ψ ∨ (ϕ ∧© ϕUψϕUψϕUψ )))

eventually: ♦ψ♦ψ♦ψ ≡≡≡ ψ ∨ ©ψ ∨ ©ψ ∨ ©♦ψ♦ψ♦ψ

always: �ψ�ψ�ψ ≡≡≡ ψ ∧ ©ψ ∧ ©ψ ∧ ©�ψ�ψ�ψ

. . . don’t yield a complete characterization, e.g.,

falsefalsefalse ≡≡≡ a ∧ ©falsea ∧ ©falsea ∧ ©false

�a�a�a ≡≡≡ a ∧ ©�aa ∧ ©�aa ∧ ©�a

consider
ψ = aψ = aψ = a
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Expansion laws are fixed point equations ltlsf3.1-30

until: ϕUψϕUψϕUψ ≡≡≡ ψ ∨ (ϕ ∧©ψ ∨ (ϕ ∧©ψ ∨ (ϕ ∧© ϕUψϕUψϕUψ )))

eventually: ♦ψ♦ψ♦ψ ≡≡≡ ψ ∨ ©ψ ∨ ©ψ ∨ ©♦ψ♦ψ♦ψ

always: �ψ�ψ�ψ ≡≡≡ ψ ∧ ©ψ ∧ ©ψ ∧ ©�ψ�ψ�ψ

. . . don’t yield a complete characterization, e.g.,

falsefalsefalse ≡≡≡ a ∧ ©falsea ∧ ©falsea ∧ ©false

�a�a�a ≡≡≡ a ∧ ©�aa ∧ ©�aa ∧ ©�a

although
�a �≡ false�a �≡ false�a �≡ false
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Expansion laws are fixed point equations ltlsf3.1-30

until: ϕUψϕUψϕUψ ≡≡≡ ψ ∨ (ϕ ∧©(ϕUψ))ψ ∨ (ϕ ∧©(ϕUψ))ψ ∨ (ϕ ∧©(ϕUψ))

least fixed point

eventually: ♦ψ♦ψ♦ψ ≡≡≡ ψ ∨ ©♦ψψ ∨ ©♦ψψ ∨ ©♦ψ
least fixed point

always: �ψ�ψ�ψ ≡≡≡ ψ ∧ ©�ψψ ∧ ©�ψψ ∧ ©�ψ

. . . don’t yield a complete characterization, e.g.,

falsefalsefalse ≡≡≡ a ∧ ©falsea ∧ ©falsea ∧ ©false

�a�a�a ≡≡≡ a ∧ ©�aa ∧ ©�aa ∧ ©�a

although
�a �≡ false�a �≡ false�a �≡ false
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Expansion laws are fixed point equations ltlsf3.1-30

until: ϕUψϕUψϕUψ ≡≡≡ ψ ∨ (ϕ ∧©(ϕUψ))ψ ∨ (ϕ ∧©(ϕUψ))ψ ∨ (ϕ ∧©(ϕUψ))

least fixed point

eventually: ♦ψ♦ψ♦ψ ≡≡≡ ψ ∨ ©♦ψψ ∨ ©♦ψψ ∨ ©♦ψ
least fixed point

always: �ψ�ψ�ψ ≡≡≡ ψ ∧ ©�ψψ ∧ ©�ψψ ∧ ©�ψ
greatest fixed point

. . . don’t yield a complete characterization, e.g.,

falsefalsefalse ≡≡≡ a ∧ ©falsea ∧ ©falsea ∧ ©false

�a�a�a ≡≡≡ a ∧ ©�aa ∧ ©�aa ∧ ©�a

although
�a �≡ false�a �≡ false�a �≡ false
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Expansion law for UUU ltlsf3.1-31

The LTL formula χ = ϕUψχ = ϕUψχ = ϕUψ is the least solution of

χ ≡ ψ ∨ (ϕ ∧©χ)χ ≡ ψ ∨ (ϕ ∧©χ)χ ≡ ψ ∨ (ϕ ∧©χ)
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Expansion law for UUU ltlsf3.1-31

The LTL formula χ = ϕUψχ = ϕUψχ = ϕUψ is the least solution of

χ ≡ ψ ∨ (ϕ ∧©χ)χ ≡ ψ ∨ (ϕ ∧©χ)χ ≡ ψ ∨ (ϕ ∧©χ)

i.e., Words(ϕUψ)Words(ϕUψ)Words(ϕUψ) least LT-property EEE s.t.

E = Words(ψ) ∪
{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
E = Words(ψ) ∪

{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
E = Words(ψ) ∪

{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
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Expansion law for UUU ltlsf3.1-31

The LTL formula χ = ϕUψχ = ϕUψχ = ϕUψ is the least solution of

χ ≡ ψ ∨ (ϕ ∧©χ)χ ≡ ψ ∨ (ϕ ∧©χ)χ ≡ ψ ∨ (ϕ ∧©χ)

i.e., Words(ϕUψ)Words(ϕUψ)Words(ϕUψ) least LT-property EEE s.t.

E = Words(ψ) ∪
{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
E = Words(ψ) ∪

{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
E = Words(ψ) ∪

{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}

It even holds that Words(ϕUψ)Words(ϕUψ)Words(ϕUψ) least LT-property EEE s.t.

(1) Words(ψ) ⊆ EWords(ψ) ⊆ EWords(ψ) ⊆ E

(2)
{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
⊆ E

{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
⊆ E

{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
⊆ E
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The weak until operator WWW ltlsf3.1-weakuntil
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The weak until operator WWW ltlsf3.1-weakuntil

ϕ W ψ
def
= (ϕUψ ) ∨ �ϕϕ W ψ
def
= (ϕUψ ) ∨ �ϕϕ W ψ
def
= (ϕUψ ) ∨ �ϕ
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The weak until operator WWW ltlsf3.1-weakuntil

ϕ W ψ
def
= (ϕUψ ) ∨ �ϕϕ W ψ
def
= (ϕUψ ) ∨ �ϕϕ W ψ
def
= (ϕUψ ) ∨ �ϕ

deriving “always” and “until” from “weak until”:

�ϕ ≡ ?�ϕ ≡ ?�ϕ ≡ ?
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The weak until operator WWW ltlsf3.1-weakuntil

ϕ W ψ
def
= (ϕUψ ) ∨ �ϕϕ W ψ
def
= (ϕUψ ) ∨ �ϕϕ W ψ
def
= (ϕUψ ) ∨ �ϕ

deriving “always” and “until” from “weak until”:

�ϕ ≡ ϕW false�ϕ ≡ ϕW false�ϕ ≡ ϕW false
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The weak until operator WWW ltlsf3.1-weakuntil

ϕ W ψ
def
= (ϕUψ ) ∨ �ϕϕ W ψ
def
= (ϕUψ ) ∨ �ϕϕ W ψ
def
= (ϕUψ ) ∨ �ϕ

deriving “always” and “until” from “weak until”:

�ϕ ≡ ϕW false

ϕUψ ≡ ?

�ϕ ≡ ϕW false

ϕUψ ≡ ?

�ϕ ≡ ϕW false

ϕUψ ≡ ?
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The weak until operator WWW ltlsf3.1-weakuntil

ϕ W ψ
def
= (ϕUψ ) ∨ �ϕϕ W ψ
def
= (ϕUψ ) ∨ �ϕϕ W ψ
def
= (ϕUψ ) ∨ �ϕ

deriving “always” and “until” from “weak until”:

�ϕ ≡ ϕW false

ϕUψ ≡ (ϕ W ψ) ∧ ♦ψ

�ϕ ≡ ϕW false

ϕUψ ≡ (ϕ W ψ) ∧ ♦ψ

�ϕ ≡ ϕW false

ϕUψ ≡ (ϕ W ψ) ∧ ♦ψ
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Does T |= a W bT |= a W bT |= a W b hold? ltlsf3.1-32

=̂̂=̂= {a}{a}{a}
=̂̂=̂= {b}{b}{b}
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Does T |= a W bT |= a W bT |= a W b hold? ltlsf3.1-32

|= a W b|= a W b|= a W b =̂̂=̂= {a}{a}{a}
=̂̂=̂= {b}{b}{b}
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Does T |= a W bT |= a W bT |= a W b hold? ltlsf3.1-32

|= a W b|= a W b|= a W b =̂̂=̂= {a}{a}{a}
=̂̂=̂= {b}{b}{b}
=̂̂=̂= ∅∅∅
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Does T |= a W bT |= a W bT |= a W b hold? ltlsf3.1-32

|= a W b|= a W b|= a W b =̂̂=̂= {a}{a}{a}
=̂̂=̂= {b}{b}{b}
=̂̂=̂= ∅∅∅

|= a W b|= a W b|= a W b (even a U ba U ba U b)
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Does T |= a W bT |= a W bT |= a W b hold? ltlsf3.1-32

|= a W b|= a W b|= a W b =̂̂=̂= {a}{a}{a}
=̂̂=̂= {b}{b}{b}
=̂̂=̂= ∅∅∅

|= a W b|= a W b|= a W b (even a U ba U ba U b)
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Does T |= a W bT |= a W bT |= a W b hold? ltlsf3.1-32

|= a W b|= a W b|= a W b =̂̂=̂= {a}{a}{a}
=̂̂=̂= {b}{b}{b}
=̂̂=̂= ∅∅∅

|= a W b|= a W b|= a W b (even a U ba U ba U b)

�|= a W b�|= a W b�|= a W b

192 / 416



Duality of UUU and WWW ltlsf3.1-weakuntil2

ϕ W ψ
def
= (ϕUψ ) ∨ �ϕϕ W ψ
def
= (ϕUψ ) ∨ �ϕϕ W ψ
def
= (ϕUψ ) ∨ �ϕ

goal: express ¬(ϕUψ)¬(ϕUψ)¬(ϕUψ) via WWW, and vice versa
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Duality of UUU and WWW ltlsf3.1-weakuntil2

ϕ W ψ
def
= (ϕUψ ) ∨ �ϕϕ W ψ
def
= (ϕUψ ) ∨ �ϕϕ W ψ
def
= (ϕUψ ) ∨ �ϕ

¬(ϕUψ)

≡ ( (ϕ ∧ ¬ψ) U (¬ϕ ∧ ¬ψ) ) ∨ �(ϕ ∧ ¬ψ)

¬(ϕUψ)

≡ ( (ϕ ∧ ¬ψ) U (¬ϕ ∧ ¬ψ) ) ∨ �(ϕ ∧ ¬ψ)

¬(ϕUψ)

≡ ( (ϕ ∧ ¬ψ) U (¬ϕ ∧ ¬ψ) ) ∨ �(ϕ ∧ ¬ψ)
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Duality of UUU and WWW ltlsf3.1-weakuntil2

ϕ W ψ
def
= (ϕUψ ) ∨ �ϕϕ W ψ
def
= (ϕUψ ) ∨ �ϕϕ W ψ
def
= (ϕUψ ) ∨ �ϕ

¬(ϕUψ)

≡ ( (ϕ ∧ ¬ψ) U (¬ϕ ∧ ¬ψ) ) ∨ �(ϕ ∧ ¬ψ)

≡ (ϕ ∧ ¬ψ) W (¬ϕ ∧ ¬ψ)

¬(ϕUψ)

≡ ( (ϕ ∧ ¬ψ) U (¬ϕ ∧ ¬ψ) ) ∨ �(ϕ ∧ ¬ψ)

≡ (ϕ ∧ ¬ψ) W (¬ϕ ∧ ¬ψ)

¬(ϕUψ)

≡ ( (ϕ ∧ ¬ψ) U (¬ϕ ∧ ¬ψ) ) ∨ �(ϕ ∧ ¬ψ)

≡ (ϕ ∧ ¬ψ) W (¬ϕ ∧ ¬ψ)
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Duality of UUU and WWW ltlsf3.1-weakuntil2

ϕ W ψ
def
= (ϕUψ ) ∨ �ϕϕ W ψ
def
= (ϕUψ ) ∨ �ϕϕ W ψ
def
= (ϕUψ ) ∨ �ϕ

¬(ϕUψ)

≡ ( (ϕ ∧ ¬ψ) U (¬ϕ ∧ ¬ψ) ) ∨ �(ϕ ∧ ¬ψ)

≡ (ϕ ∧ ¬ψ) W (¬ϕ ∧ ¬ψ)

≡ (¬ψ) W (¬ϕ ∧ ¬ψ)

¬(ϕUψ)

≡ ( (ϕ ∧ ¬ψ) U (¬ϕ ∧ ¬ψ) ) ∨ �(ϕ ∧ ¬ψ)

≡ (ϕ ∧ ¬ψ) W (¬ϕ ∧ ¬ψ)

≡ (¬ψ) W (¬ϕ ∧ ¬ψ)

¬(ϕUψ)

≡ ( (ϕ ∧ ¬ψ) U (¬ϕ ∧ ¬ψ) ) ∨ �(ϕ ∧ ¬ψ)

≡ (ϕ ∧ ¬ψ) W (¬ϕ ∧ ¬ψ)

≡ (¬ψ) W (¬ϕ ∧ ¬ψ)
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Duality of UUU and WWW ltlsf3.1-weakuntil2

ϕ W ψ
def
= (ϕUψ ) ∨ �ϕϕ W ψ
def
= (ϕUψ ) ∨ �ϕϕ W ψ
def
= (ϕUψ ) ∨ �ϕ

¬(ϕUψ)

≡ ( (ϕ ∧ ¬ψ) U (¬ϕ ∧ ¬ψ) ) ∨ �(ϕ ∧ ¬ψ)

≡ (ϕ ∧ ¬ψ) W (¬ϕ ∧ ¬ψ)

≡ (¬ψ) W (¬ϕ ∧ ¬ψ)

¬(ϕUψ)

≡ ( (ϕ ∧ ¬ψ) U (¬ϕ ∧ ¬ψ) ) ∨ �(ϕ ∧ ¬ψ)

≡ (ϕ ∧ ¬ψ) W (¬ϕ ∧ ¬ψ)

≡ (¬ψ) W (¬ϕ ∧ ¬ψ)

¬(ϕUψ)

≡ ( (ϕ ∧ ¬ψ) U (¬ϕ ∧ ¬ψ) ) ∨ �(ϕ ∧ ¬ψ)

≡ (ϕ ∧ ¬ψ) W (¬ϕ ∧ ¬ψ)

≡ (¬ψ) W (¬ϕ ∧ ¬ψ)

¬(ϕ U ψ) ≡ (¬ψ) W (¬ϕ ∧ ¬ψ)

¬(ϕ W ψ) ≡ ?

¬(ϕ U ψ) ≡ (¬ψ) W (¬ϕ ∧ ¬ψ)

¬(ϕ W ψ) ≡ ?

¬(ϕ U ψ) ≡ (¬ψ) W (¬ϕ ∧ ¬ψ)

¬(ϕ W ψ) ≡ ?
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Duality of UUU and WWW ltlsf3.1-weakuntil2

ϕ W ψ
def
= (ϕUψ ) ∨ �ϕϕ W ψ
def
= (ϕUψ ) ∨ �ϕϕ W ψ
def
= (ϕUψ ) ∨ �ϕ

¬(ϕUψ)

≡ ( (ϕ ∧ ¬ψ) U (¬ϕ ∧ ¬ψ) ) ∨ �(ϕ ∧ ¬ψ)

≡ (ϕ ∧ ¬ψ) W (¬ϕ ∧ ¬ψ)

≡ (¬ψ) W (¬ϕ ∧ ¬ψ)

¬(ϕUψ)

≡ ( (ϕ ∧ ¬ψ) U (¬ϕ ∧ ¬ψ) ) ∨ �(ϕ ∧ ¬ψ)

≡ (ϕ ∧ ¬ψ) W (¬ϕ ∧ ¬ψ)

≡ (¬ψ) W (¬ϕ ∧ ¬ψ)

¬(ϕUψ)

≡ ( (ϕ ∧ ¬ψ) U (¬ϕ ∧ ¬ψ) ) ∨ �(ϕ ∧ ¬ψ)

≡ (ϕ ∧ ¬ψ) W (¬ϕ ∧ ¬ψ)

≡ (¬ψ) W (¬ϕ ∧ ¬ψ)

¬(ϕ U ψ) ≡ (¬ψ) W (¬ϕ ∧ ¬ψ)

¬(ϕ W ψ) ≡ (¬ψ) U (¬ϕ ∧ ¬ψ)

¬(ϕ U ψ) ≡ (¬ψ) W (¬ϕ ∧ ¬ψ)

¬(ϕ W ψ) ≡ (¬ψ) U (¬ϕ ∧ ¬ψ)

¬(ϕ U ψ) ≡ (¬ψ) W (¬ϕ ∧ ¬ψ)

¬(ϕ W ψ) ≡ (¬ψ) U (¬ϕ ∧ ¬ψ)
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Expansion laws for UUU and WWW ltlsf3.1-34
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Expansion laws for UUU and WWW ltlsf3.1-34

ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))

ϕ W ψ ≡ϕ W ψ ≡ϕ W ψ ≡ ?
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Expansion laws for UUU and WWW ltlsf3.1-34

ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))

ϕ W ψ ≡ϕ W ψ ≡ϕ W ψ ≡ ψ ∨ (ϕ ∧©(ϕWψ))ψ ∨ (ϕ ∧©(ϕWψ))ψ ∨ (ϕ ∧©(ϕWψ))
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Expansion laws for UUU and WWW ltlsf3.1-34

ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))
smallest
solution

ϕ W ψ ≡ϕ W ψ ≡ϕ W ψ ≡ ψ ∨ (ϕ ∧©(ϕWψ))ψ ∨ (ϕ ∧©(ϕWψ))ψ ∨ (ϕ ∧©(ϕWψ))
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Expansion laws for UUU and WWW ltlsf3.1-34

ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))
smallest
solution

ϕ W ψ ≡ϕ W ψ ≡ϕ W ψ ≡ ψ ∨ (ϕ ∧©(ϕWψ))ψ ∨ (ϕ ∧©(ϕWψ))ψ ∨ (ϕ ∧©(ϕWψ))
largest
solution
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Expansion laws for UUU and WWW ltlsf3.1-34

ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))
smallest
solution

ϕ W ψ ≡ϕ W ψ ≡ϕ W ψ ≡ ψ ∨ (ϕ ∧©(ϕWψ))ψ ∨ (ϕ ∧©(ϕWψ))ψ ∨ (ϕ ∧©(ϕWψ))
largest
solution

Words(ϕUψ)Words(ϕUψ)Words(ϕUψ) smallest LT-property EEE s.t.
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Expansion laws for UUU and WWW ltlsf3.1-34

ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))
smallest
solution

ϕ W ψ ≡ϕ W ψ ≡ϕ W ψ ≡ ψ ∨ (ϕ ∧©(ϕWψ))ψ ∨ (ϕ ∧©(ϕWψ))ψ ∨ (ϕ ∧©(ϕWψ))
largest
solution

Words(ϕUψ)Words(ϕUψ)Words(ϕUψ) smallest LT-property EEE s.t.

(1) Words(ψ) ⊆ EWords(ψ) ⊆ EWords(ψ) ⊆ E

(2)
{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
⊆ E

{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
⊆ E

{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
⊆ E
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Expansion laws for UUU and WWW ltlsf3.1-34

ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))
smallest
solution

ϕ W ψ ≡ϕ W ψ ≡ϕ W ψ ≡ ψ ∨ (ϕ ∧©(ϕWψ))ψ ∨ (ϕ ∧©(ϕWψ))ψ ∨ (ϕ ∧©(ϕWψ))
largest
solution

Words(ϕUψ)Words(ϕUψ)Words(ϕUψ) smallest LT-property EEE s.t.

(1) Words(ψ) ⊆ EWords(ψ) ⊆ EWords(ψ) ⊆ E

(2)
{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
⊆ E

{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
⊆ E

{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
⊆ E

���
Words(ψ) ∪

{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
⊆ EWords(ψ) ∪

{
A0A1A2... ∈Words(ϕ) : A1A2... ∈ E

}
⊆ EWords(ψ) ∪

{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
⊆ E
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Expansion laws for UUU and WWW ltlsf3.1-34b

ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))
smallest
solution

ϕ W ψ ≡ϕ W ψ ≡ϕ W ψ ≡ ψ ∨ (ϕ ∧©(ϕWψ))ψ ∨ (ϕ ∧©(ϕWψ))ψ ∨ (ϕ ∧©(ϕWψ))
largest
solution

Words(ϕUψ)Words(ϕUψ)Words(ϕUψ) smallest LT-property EEE s.t.

Words(ψ) ∪
{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
⊆ EWords(ψ) ∪

{
A0A1A2... ∈Words(ϕ) : A1A2... ∈ E

}
⊆ EWords(ψ) ∪

{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
⊆ E
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Expansion laws for UUU and WWW ltlsf3.1-34b

ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))
smallest
solution

ϕ W ψ ≡ϕ W ψ ≡ϕ W ψ ≡ ψ ∨ (ϕ ∧©(ϕWψ))ψ ∨ (ϕ ∧©(ϕWψ))ψ ∨ (ϕ ∧©(ϕWψ))
largest
solution

Words(ϕUψ)Words(ϕUψ)Words(ϕUψ) smallest LT-property EEE s.t.

Words(ψ) ∪
{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
⊆ EWords(ψ) ∪

{
A0A1A2... ∈Words(ϕ) : A1A2... ∈ E

}
⊆ EWords(ψ) ∪

{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
⊆ E

Words(ϕWψ)Words(ϕWψ)Words(ϕWψ) largest LT-property EEE s.t.
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Expansion laws for UUU and WWW ltlsf3.1-34b

ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))
smallest
solution

ϕ W ψ ≡ϕ W ψ ≡ϕ W ψ ≡ ψ ∨ (ϕ ∧©(ϕWψ))ψ ∨ (ϕ ∧©(ϕWψ))ψ ∨ (ϕ ∧©(ϕWψ))
largest
solution

Words(ϕUψ)Words(ϕUψ)Words(ϕUψ) smallest LT-property EEE s.t.

Words(ψ) ∪
{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
⊆ EWords(ψ) ∪

{
A0A1A2... ∈Words(ϕ) : A1A2... ∈ E

}
⊆ EWords(ψ) ∪

{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
⊆ E

Words(ϕWψ)Words(ϕWψ)Words(ϕWψ) largest LT-property EEE s.t.

Words(ψ) ∪
{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
⊇ EWords(ψ) ∪

{
A0A1A2... ∈Words(ϕ) : A1A2... ∈ E

}
⊇ EWords(ψ) ∪

{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
⊇ E
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Expansion laws for UUU and WWW ltlsf3.1-34b

ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))ϕ U ψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))
smallest
solution

ϕ W ψ ≡ϕ W ψ ≡ϕ W ψ ≡ ψ ∨ (ϕ ∧©(ϕWψ))ψ ∨ (ϕ ∧©(ϕWψ))ψ ∨ (ϕ ∧©(ϕWψ))
largest
solution

Words(ϕUψ)Words(ϕUψ)Words(ϕUψ) smallest LT-property EEE s.t.

Words(ψ) ∪
{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
⊆ EWords(ψ) ∪

{
A0A1A2... ∈Words(ϕ) : A1A2... ∈ E

}
⊆ EWords(ψ) ∪

{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
⊆ E

Words(ϕWψ)Words(ϕWψ)Words(ϕWψ) largest LT-property EEE s.t.

E ⊆ Words(ψ) ∪
{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
E ⊆ Words(ψ) ∪

{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
E ⊆ Words(ψ) ∪

{
A0A1A2... ∈ Words(ϕ) : A1A2... ∈ E

}
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Expansion laws for UUU and WWW ltlsf3.1-34a

ϕUψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))ϕUψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))ϕUψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))
smallest solution

ϕWψ ≡ϕWψ ≡ϕWψ ≡ ψ ∨ (ϕ ∧©(ϕWψ))ψ ∨ (ϕ ∧©(ϕWψ))ψ ∨ (ϕ ∧©(ϕWψ))
largest solution
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Expansion laws for UUU, WWW, ♦♦♦, and ��� ltlsf3.1-34a

ϕUψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))ϕUψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))ϕUψ ≡ ψ ∨ (ϕ ∧©(ϕUψ))
smallest solution

♦ψ ≡ ψ ∨ ©♦ψ♦ψ ≡ ψ ∨ ©♦ψ♦ψ ≡ ψ ∨ ©♦ψ
smallest solution

ϕWψ ≡ϕWψ ≡ϕWψ ≡ ψ ∨ (ϕ ∧©(ϕWψ))ψ ∨ (ϕ ∧©(ϕWψ))ψ ∨ (ϕ ∧©(ϕWψ))
largest solution

�ϕ ≡�ϕ ≡�ϕ ≡ ϕ ∧©�ϕϕ ∧©�ϕϕ ∧©�ϕ
largest solution

remind: ♦ψ = true Uψ♦ψ = true Uψ♦ψ = true Uψ, �ϕ ≡ ϕW false�ϕ ≡ ϕW false�ϕ ≡ ϕW false
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